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Conservative Matrix Fields (CMF)

Elimelech et al. “Algorithm-assisted discovery of an intrinsic order among mathematical constants” (PNAS 2024)
Weinbaum et al. “On Conservative Matrix Fields: Continuous Asymptotics and Arithmetic” (arXiv:2507.08138)



Conservative Matrix Fields (CMF)

19 160 1744

4
3 6’ 51 " 555 n
/4 2’ f? igg’ 1301552'

00 3
o F1(a,b;c;z) = Z (@)n ( ' ./ //a/“”

—~  (c)n n | >

AL L~
(a)n = [(a +n) ‘ >
-
e

Elimelech et al. “Algorithm-assisted discovery of an intrinsic order among mathematical constants” (PNAS 2024)
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43% (166) of Known Formulas Unified

Gauss 1813

Euler 1700s
“’ oa@

E=PCF(2n +1,n") 7T+3 = PCF (6,(2n-1)%)

Brouncker 1655

%H =PCF (2, (2n-1)7)
(0,1,2)
(0,0,2)

(Ololo) -0.45 .

Tomer Raz et al. “From Euler to Al: Unifying formulas for mathematical constants” (NeurlPS 2025)




Ramanujan (1914)

Modular equations and approximations to 7
Quarterly Journal of Mathematics, XLV, 1914, 350 — 372



Ramanujan (1914)

g%,} Mathematicians find one pi formula to rule them all

Mathematicians find one pi formula to rule
them all

A mixture of Al and algorithms uncovered a hidden structure

spanning 2,000 years of equations for pi

BY LYNDIE CHIOU EDITED BY CLARA MOSKOWITZ

Tomer Raz et al. “From Euler to Al: Unifying formulas for mathematical constants” (NeurlPS 2025)



Ramanujan Formulas - Unified

# formula shift (as, as, ayq) 2 A B
-
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: Sum Elements Look Like 3F2

Zn
sFy (a1, az,as; by, ba; 2) Z )



: Sum Elements Look Like 3F2

3F2(G,1,CL2,CL3; b17b2; Z)

“Just ask an LLIW”
3
2= 0B+ 1)(7) 5=



: Sum Elements Look Like 3F2

3Fy (a1, az,a3;b1,b2; 2)

“Just ask an LLIVI”
o B
%: ZnZO(Gn + 1) (2n) 26%

Correct, but useless...



Ramanujan Agent

Educating the
Ramanujan Agent

Specialized Knowledge

=

Papers Codebase Private
notes

Standards & Culture

« Definition of done

» Testing and hypothesis-
checking guidelines

* Memory and learning




Ramanujan Agent

e Numerical verification to 100+

( Educatingthe digits at depth = 1000.
Ramanujan Agent e Convergence rate measured
Specialized Knowledge empirically.

x oy °
s B &

Papers Codebase Private
notes

Standards & Culture

« Definition of done

» Testing and hypothesis-
checking guidelines

* Memory and learning




Ramanujan Agent

Educating the
Ramanujan Agent

Specialized Knowledge

Papers Codebase Private
notes

Standards & Culture

* Definition of done
» Testing and hypothesis-

checking guidelines
* Memory and learning

Numerical verification to 100+
digits at depth = 1000.
Convergence rate measured
empirically.

Test hypothesis on multiple,
meaningfully different, cases.

Flag uncertainties. If something is
conjectured but not proven, say so
explicitly.



Hybrid Research Methodology
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Agent: Use ramanujantools To Scan 3F2 CMFs

Ramanujan Machine Group, “ramanujantools”, https://github.com/RamanujanMachine/ramanujantools (2025)



Agent: Use ramanujantools To Scan 3F2 CMFs

1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
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1 4/pi
1 4/pi
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1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi
1 4/pi

-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418
-0.74418

0.05 [["x0", 1], [["x0", 1], ["x1", 1], ["x2", 1], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 1], ["x2", 6], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 3], ["x2", 6], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 3], ["x2", 6], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 2], ["x2", 4], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 4], ["x2", 4], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 2], ["x2", 4], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 4], ["x2", 4], ["y
0.05 [["x0", 4], [["x0", 4], ["x1", 4], ["x2", 4], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 1], ["x2", 5], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 2], ["x2", 5], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 3], ["x2", 5], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 2], ["x2", 2], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 2], ["x2", 5], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 5], ["x2", 5], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 1], ["x2", 3], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 1], ["x2", 6], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 2], ["x2", 6], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 4], ["x2", 6], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 2], ["x2", 6], ["y
0.05 [["x0", 3], [["x0", 3], ["x1", 3], ["x2", 3], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 4], ["x2", 4], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 3], ["x2", 4], ["y
0.05 [["x0", 3], [["x0", 3], ["x1", 3], ["x2", 4], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 1], ["x2", 3], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 2], ["x2", 3], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 3], ["x2", 4], ["y
0.05 [["x0", 1], [["x0", 1], ["x1", 4], ["x2", 4], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 2], ["x2", 2], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 2], ["x2", 5], ["y
0.05 [["x0", 2], [["x0", 2], ["x1", 3], ["x2", 5], ["y
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Ramanujan Machine Group,
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-0.01701

-0.00287

-0.00458
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screen_fa [] 1] screen_identify_pi
ok ["log-erro ["The log(error_n) fit against nis
screen_fa [] 1] screen_identify_pi
screen_fa [] 1 screen_identify_pi
failed 1} 1 identify_t Limit.ider Lil
ok ["log_errc["The log(error_n) fit against n is
ok ["log-erro ["The log(error_n) fit against n is
screen_fa [] n screen_identify_pi
screen_fa [] 1] screen_identify_pi
ok ["log-erro ["The log(error_n) fit against nis
screen_fa [] 1 screen_identify_pi
screen_fa [] 1 screen_identify_pi
screen_fa [] 1 screen_identify_pi
screen_fa [] 0] screen_identify_pi
screen_fa [] 1 screen_identify_pi
failed 1] 0 identify_t Limit.ider Li/
ok ["log-erro ["The log(error_n) fit against n is
screen_fa [] 1l screen_identify_pi
screen_fa [] 1 screen_identify_pi
screen_fa [] 1 screen_identify_pi
ok ["log_errc["The log(error_n) fit against n is
screen_fa [] 0 screen_identify_pi

tail_diagn ["log_errc["The log( tail_diagn ValueErro Vi
screen_fa [] 0 screen_identify_pi

screen_fa [] 1] screen_identify_pi
screen_fa [] 0 screen_identify_pi
screen_fa [] 1 screen_identify_pi
screen_fa [] 0] screen_identify_pi
screen_fa [] 1] screen_identify_pi
ok ["log-erro ["The log(error_n) fit against n is
screen_fa [] 1] screen_identify_pi

“ramanujantools”, https://github.com/RamanujanMachine/ramanujantools (2025)



log10(|error]|)

—100 4

—120 4

log10(Q_reduced)

Agent: Analysis of Best Candidates

formula_01: original Ramanujan series vs natural 3F2 CMF trajectory
constant=4/pi | CMF trajectory=(1, 1, 1, 1, 1) | exact z=1/4
original slope=-0.603196 | CMF slope=-0.004867 | original delta tail mean=-0.744184 | CMF delta tail mean=-0.995671
original warnings: delta has undefined shallow-depth points

—20

—40 -

—60

-80

— original log10(Jerror|)

T e e e e e e e e e e e e e e e e e e e ! = CMF oG 10(JerTOF])

e p r—0.2
—— original tail slope=-0.603
~ = CMF tail slope=-0.005
—— original delta
— = CMF delta
r—0.4
r—0.6
©
r—0.8 =
@O
©
r-1.0
r—1.2
r—1.4

400 A

w

=}

S
L

200 A

100 4

—— original log10(Q_reduced)
— = CMF log10(Q_reduced)
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Shalyt et al. “Unsupervised discovery of formulas for mathematical constants” (NeurlPS 2024)



log10(|error])

—100 -

—120 4

Q_reduced)

log10(

Human: Visual Debugging With Dynamic Metrics

formula_01: original Ramanujan series vs natural 3F2 CMF trajectory
constant=4/pi | CMF trajectory=(1, 1, 1, 1, 1) | exact z=1/4

original slope=-0.603196 | CMF slope=-0.004867 | original delta tail mean=-0.744184 | CMF delta tail mean=-0.995671

original warnings: delta has undefined shallow-depth points

—20

—40 -

—60

-80

T e e e e e e e e e e e e e e e e e e ! = CMF oG 10(JerTOF])

— original log10(Jerror|)

pr 3 r—0.2
—— original tail slope=-0.603
~ = CMF tail slope=-0.005
—— original delta
== = CMF delta
r—0.4

..  Same limit but

different irrationality
measure => NOT the
.. same formula.

F-1.4

400 A

3001

200 A

100 4

—— original log10(Q_reduced)
— = CMF log10(Q_reduced)

50 75 100 125 150 175 200
Depth

Shalyt et al. “Unsupervised discovery of formulas for mathematical constants” (NeurlPS 2024)



log10(|error])

—100 -

—120 4

log10(Q_reduced)

Human: Visual Debugging With Dynamic Metrics

400 A

3001

200 A

100 4

formula_01: original Ramanujan series vs natural 3F2 CMF trajectory
constant=4/pi | CMF trajectory=(1, 1, 1, 1, 1) | exact z=1/4
original slope=-0.603196 | CMF slope=-0.004867 | original delta tail mean=-0.744184 | CMF delta tail mean=-0.995671
original warnings: delta has undefined shallow-depth points

— original log10(Jerror|)

T e e e e e e e e e e e e e e e e e e ! = CMF oG 10(JerTOF])

~ = CMF tail slope=-0.005
—— original delta
== = CMF delta

—— original tail slope=-0.603

|

= original log10(Q_reduced)
= = CMF log10(Q_reduced)

0 25 50 75 100 125 150 175 200
Depth

.. Same limit but
- different irrationality
measure => NOT the
.. same formula.

F-1.4

Add as a guardrails!

Shalyt et al. “Unsupervised discovery of formulas for mathematical constants” (NeurlPS 2024)



Human: 3F2 => 4F3

The tail of the Ramanujan sums behaves like 4F3 - the 3F2
was a red herring.



: 3F2 => 4F3

The tail of the Ramanujan sums behaves like 4F3 - the 3F2
was a red herring.

Agent: Generalization From 1 Formula To All 17



Human

Agent

3F2 Hunch.

Broad CMF Scans.

Defining task-specific guardrails
and auto-validations.

Summarizing experimental results
and choosing best candidates.

3F2 -> 4F 3 realization.

Generalization from a single
successfully identified formula.




Result: All 17 Formulas Are In 4F3-Based CMFs

Each formula trajectory is along the vector (0,1,1,1; 1,1, 1).
The initial point is (1, a2, a3, a4; 1, 1, 1). A, B are seed values.

formula shift (ag, as, ayq) A B
. 2n\ 3
A= Yo B+ 1)) 5= (3:33) i | 6
¢ = n 3
- 1 n\ 2 (4n
wj_: Zn>0 280” 25 19) (277,) (;l?z) 28n 921)2"“‘1 (i %" %) # 19 280
5275 = 2n>0(26390n + I US)] G ) ) P (O (1,1.3) o 1103 26390
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Ramanujan (1914)

Modular equations and approximations to 7

Quarterly Journal of Mathematics, XLV, 1914, 350 — 372

— ano(Gn +1) (27?)3 26%

1 242 i (1103 + 26390k)
~ =

801 (k!)43964%
k=0




Ramanujan (1914)
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Conservative Matrix Fields

My (x, y)My(x + 1,y) = My (x, y)My(x,y + 1)

Elimelech et al. “Algorithm-assisted discovery of an intrinsic order among mathematical constants” (PNAS 2024)



Conservative Matrix Fields

Fast convergence

LI 1/2 + 1/2
e—1 1
6+ ——7—
10 +L.
Slow convergence A 14 +-
1 B 1 [ ] (] [
e—1 2
1+ 5 +i
3+
Slow convergence
1 -y—1 i
Mx(x,y)=[_1 x+y+2 1 =1_ 1
0 -y-1 i e—1 ~ 2
My(x'”=[—1 x+y+1 | 3 4__3
> 5—-

Elimelech et al. “Algorithm-assisted discovery of an intrinsic order among mathematical constants” (PNAS 2024)



Formula Unification

19 160 1744
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Tomer Raz et al. “From Euler to Al: Unifying formulas for mathematical constants” (NeurlPS 2025)



Ramanujan Formulas Unification

K - (a0),, (a1), (a2), .
= ZU(A—i—Bn) ()’ 23

n=0

(@), =ala+1)(a+2)---(a+n—1)



Human: Looks Hypergeometric

3F2(a1, az, as; b1, by; z) = Z



Human: Looks Hypergeometric

3F2(a1, az, as; b1, be; 2) = Z




Al: Translate All Summands Into 3F2

1= 3 o060 +1)(3) ok




Human: 3F2 => 4F3

Tail sum:

= (ao)r(a1)r(az)k
;0 (A + Bk) (k')§ zlg

k=n-+m



Human: 3F2 => 4F3




Human: 3F2 => 4F3

1, ag+n, a1 +n, as +n
I 5 20
n+1l,n+1,n+1



Al: Apply The Method To All 17 Formulas

Each formula trajectory is along the vector (0, 1,1, 1; 1,1, 1).
The initial pointis (1, a2, a3, a4; 1, 1, 1). A, B are seed values.



Al: Apply The Method To All 17 Formulas

Each formula trajectory is along the vector (0,1,1,1; 1,1, 1).
The initial point is (1, a2, a3, a4; 1, 1, 1). A, B are seed values.

# formula shift (ag, as, ayq) 2 A B
. 2n\ 3
| 4 soltn + D)) X IEREEE:
o S
2 2= T2 +5)(7) 5w EiLy L & =
| _ kDA
16 wj__ Zn>0 280” 25 19)(277,) (;ln) 28”921)2""‘1 (i %" %) # 19 280
17 5= 3,50(26390n + I US)] G ) ) P (O (3,1.3) L 1103 26390




Dynamical Metrics

e(n) :

Z_Z B L) >c(n) ~ n@- O . -7

Pn 1
L—-——|< e )
' 4n q-ylz. 0
Pn
—log |L — i
£ Q'n Q"n

On — —1 fj —

log |G| / © ged(pns gn)

Gn ~ n@- 6@ b -n

Shalyt et al. “Unsupervised Discovery of Formulas for Mathematical Constants” (NeurlPS 2024)




Scanning CMFs - Continuity of Metrics Vs. Angle

Irrationality Measure Vs. Angle

O
O
O

Irrationality measure.
Sequence eigenvalues.
Etc.

Next big goal: ¢(5) irrationality.

41200 |-
41000 -
40800 |-

40600 [-

e £(3)CMF.
o Reproducing Apery’s s et
irrationality-proving sequence.
e Metrics seem (empirically) to be ol
continuous as function of angle.
o Convergence rate.

Log[GCD] Vs. Angle




Scanning CMFs - Continuity of Metrics Vs. Angle

a CMF.
o Best convergence rate is at 45°.
o Bestirrationality measure is at ~63°, presumably arctan[2].
Logl[error] Vs. Angle Irrationality Measure Vs. Angle
10 15 50 55 60 65 ”; _0.17[_‘ T 53 6062.64 T
-13500 | 4 .o
o 018
14000 ..-"/ 0.19F
14500 020 F
-0.21+
-15000 |
2 022}




