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Modelling an epidemic - STR Model

1.0
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Infectious (I(t
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Time (t) ‘
e Many physical and biological phenomena can be modelled using differential
equation models.
— Models often have parameters (i.e. numerical constants) which values are
unknowns.
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Parameter Estimation: a widely studied problem
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24 () = BI()S () — (1)
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[3 transmission rate

7y recovery rate

From noisy measurements on I(t), how to estimate the parameter values of 3 and ~?
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Parameter Estimation: a widely studied problem

50 = ~B10S()
o 524 i) = A10)S() — 1)
I(t) simulated with R(t) =~I(t)

y=02and 3 =04

Population

[3 transmission rate

7y recovery rate

0= 10 20 30 10 50
Time (t)
From noisy measurements on I(t), how to estimate the parameter values of 3 and ~?

— find the parameter values that make the simulations fit the measurements
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Parameter Estimation: a widely studied problem

S(t) = —pI(t)S(t)
- ——— I(t) measured . 7 — —
.g 06 I(t) simulated with ok I(t> - /[3 ) (t) ’YI(t)
L:“ y=02and 3 =04 —_
0&_"0‘4 I(t) simulated with R(t) ’YI( )
=0.1and 3=0.6

[3 transmission rate

7y recovery rate

L 10 20 30 10 50
Time (t)
From noisy measurements on I(t), how to estimate the parameter values of 3 and ~?
— find the parameter values that make the simulations fit the measurements

— the simulated black curve best fits the measurements
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An approach to parameter estimation: Eliminate to Estimate

S(t) = —-BI(1)S(1)
S S I(t) = BI{)S(t) — ~I(t)
R(t) = ~I(t)

3/18



Introduction Background Experimental Setup Trained models Results Conclusion

An approach to parameter estimation: Eliminate to Estimate

S(t) = —BI(t)S(t)
B q L(t) = BI(1)S(t) —vI(1)
R(t) = vI(t)
| elimination of S(t) and R(t)

o« VBIE + BI(E)? <>+I<>I<>—f<>2—o
o oy [10[10)+5 [107+ (= 510) ~ BS(0) [ 1) = 10) + 1) = 0
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An approach to parameter estimation: Eliminate to Estimate

$(0) = ~B1()S (1)
S 3 1(t) = BIW)S(E) - YI(1)
R(t) = ~1(2)
lelimination of S(t) and R(t)
o ABIP+ I <>+I<>I<>—f<>2—o
o oy [10[10)+5 [107+ (= 510) ~ BS(0) [ 1) = 10) + 1) = 0

Input/Output (1/0) equations [Fliess 1989]
Equations that only contain the parameters (5 and 7) and measured quantities (I(t)).
— S(t) and R(t) has been eliminated
— 1/O equations can be used for parameter estimation.
This talk: Compute integral |/O equations with Deep Learning
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Why consider integral 1/0 equations?

Integral 1/0 equations:

e tend to be smaller,

e tend to offer a larger variety of possible equations,

e tend to be less sensitive to noisy measurements,

e naturally encodes the initial conditions.

— e~ !is coded by u(t) =1 — fot u(r)dr (simply u=1— [u)

Problems:

e they are difficult to obtain/manipulate,

e they may involve exponentials, logarithms, or fractions,
— whereas differential 1/0O equations are polynomials

e few algorithms exist to compute them.
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Summary

Deep Learning for Integro-Differential Modelling

A hybrid approach

Computer Algebra
(symbolic manipulation of expressions)

5(t) = —BI(1)S(1) % By [T 1) + 8 [1(1)?
I(t) = BI()S(t) —~I(t) Interactions +(y = BI1(0) = BS5(0)) [1(t)
R(t) =~I(t) : —1(0)+1(t) =0

Deep Learning

This talk Why?
Compute integral I/O equations from a given Use deep learning to guide
differential system using deep learning. theoritical improvements
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The integral elimination Algorithm

The integral elimination algorithm is the first algorithm that performs integral
elimination for systems of nonlinear ordinary differential equations.

E integral_elimination Integral |/O
>

,,,,,,,,,,,,,,,,,, e
equatlfn( ) e Written in Python using SymPy

! — Around 2500 lines of code
Integrate * Non-trivial examples solved:

18 terms (int. equation)
vs.

Rosenfeld-Grbner Differential /O 232145 terms (diff. equation)
equation (f)
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So why using deep learning?

Problem:
3 _ntegralelimination Integral I/O The integral elimination algorithm is
3 equation (F) partial and very difficult to improve
— it does not handle fractions!

I model

Integrate Deep learning models (from X to F'):

e to guide the improvement of
integral_elimination

!

!

1

!

Rosenfeld-Grébner Differential 1/0
T

equation (f) e to allow “fast” experimentations

— We restricted ourselves to systems of
2 equations

This talk: present examples solved using trained models for integral elimination

7/18



Experimental Setup




Introduction Background Experimental Setup Trained models Results Conclusion

Experimental Setup (1/2)

Disclaimer
| will not talk about the experimental parameters (generation, training, . ..)

SCML Paper

Francois Lemaire and Louis Roussel [Mar. 2026]. “Deep Learning for Integro-Differential
Modelling”. In: RISC Proceedings on Symbolic Computation and Machine Learning, Johannes
Kepler Universitit Linz, 2026. 2. Hagenberg Castle, Austria. DOI:
10.35011/risc-proceedings-scml.2. URL: https://hal.science/hal-05230281

Source Code
https://codeberg.org/louis-roussel/IntegroDifferentialDeepLearning
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Experimental Setup (2/2) - The Transformer Architecture [Vaswani et al. 2017]

For Translation

(Ce)(hat) (8) (o) )

Transformer
Model

() @0 (B G 0

Sentences are list of
words (tokens).
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Experimental Setup (2/2) - The Transformer Architecture [Vaswani et al. 2017]

For mathematical tasks [Lample and Charton 2020]

For Translation Integration is seen as a text translation.

(Ce) (ehae) (st) (rr) () 2 p

| i w
Transformer P P +
Model N \‘ . \‘
J ag 9 y(t) a g f
. Ay
(75e) (@) () B ) 0

Sentences are list of @ (0)(= Tra,\r;lizglner (9)

words (tokens).

To train the model, pairs (f’, f) are needed.
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5 trained deep learning models

integral_elimination Integral |/O
777777777777777777 ,
Z * equation (F)
Interactions i .
el v ' [12Dy)
My, My, Mz, My l (dee-p
|
deep learning models | learning
| rnod@l)
Integrate |
! |
! |
Rosenfeld-Grébner Differential |/O
T

equation (f)

Deep learning models deal with fractions, exponentials and logarithms!
— integral elimination cannot deal with fractions

Conclusion
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How did we train our deep learning models (from X to F)?

Data are needed to train deep learning models. Three ways to produce pairs (X, F):

integral

elimination
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How did we train our deep learning models (from X to F)?

Data are needed to train deep learning models. Three ways to produce pairs (X, F):

integral

elimination

Integrate

e 12D (IntToDiff) is a partial algorithm that converts an integral expression F into a
differential expression f by removing integrals, exponentials, logarithms and fractions.
. F==v"0 + 29" = 3y 57 + 4" + 3y - 2°97
Fey? gty [ysmn) DGR - g — 490 - 20— 2
T e + 200 — 9y — Sy + iy — 3y +yg i
' — Y i — 49+ 2075+ 207 — - gy +
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How did we train our deep learning models (from X to F)?

Data are needed to train deep learning models. Three ways to produce pairs (X, F):

integral

elimination

Integrate

* Generating the three datasets = 50 computers running for three days

¢ In total, considering all our deep learning experiments, we performed a lot of trainings
(more than 30)
— 1 training = 1 day using an NVIDIA A100-40 GB

e Estimated electricity consumption: 1000 kWh ~ 50 kgCOqe (in France) = Lille <+ Paris
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12D Example

We summarise the main steps of Algorithm 12D applied to

v’ —y+y[y+n(y) + f(f )+ [y
A % then take the numerator

(yo+1) [y+y[v*+9+y° —yi+24%

1 d
4 Xy then 7 then take the numerator

yt+ 3y3?)+ 2055 + (W25 —9) Sy — v2i +v* +yii — 9 + 20797

A X i then = then take the numerator
>+ 2y 9 =3y gy + 4y R+ 3y 9P - 20707+ 6y g + P -y — Ayt -
20291 — 2y%9 5 + 29707 — Iy® — Syt + vt v — 3ygi + vy v — vii +yi — 4t +
2055 + 2% — i — 9 + i
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5 trained deep learning models

integral_elimination Integral |/O
,,,,,,,,,,,,,,,,,, N
z ~ equation (F')
Interactions T T
Tl v T ! [12Dp)
My, Mo, My, My ,  (deep
‘ .
deep learning models | learning
' model)
Integrate |
1 I
I I
Rosenfeld-Grobner Differential 1/0
T

equation (f)

Deep learning models deal with fractions,
exponentials and logarithms!

— integral elimination cannot deal
with fractions

Results

Conclusion
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integral_elimination Integral |/O
,,,,,,,,,,,,,,,,,, N
z ~ equation (F')
Interactions T N

I I
Tl v T ! [12Dp)
My, Mo, My, My ,  (deep
! .
deep learning models | learning
' model)
Integrate |
1 I
I I
Rosenfeld-Grobner Differential 1/0
T

equation (f)

Deep learning models deal with fractions,
exponentials and logarithms!

— integral elimination cannot deal
with fractions

Number of systems (out of 10k) where an integral

1/O equation was successfully obtained.

Rosenfeld-Grébner+[12Dp)
integral_elimination
Rosenfeld-Grobner+Integrate
M

My
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Difficult examples with fractions!

Two examples where Deep Learning models succeeds,
whereas integral_elimination fails.

; 3 ) 3
9 = 8 T = 4x*y — 2z
R A ’
Yy=2r—y y=y -y
f=4—3° = 3yi® — 39y° + 49 — f=20° —29%9 — %y — 2079 + %) — vy + 29°
P, 1 f— g y 2
F=y+ [y+ 4fy+fy (Model output) F 2y + [ B+ +2fy* (Model output)

— How to handle fractions in a future version of integral_elimination?
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Difficult examples with fractions!

Two examples where Deep Learning models succeeds,
whereas integral_elimination fails.

5 i = > S & = 4z2y — 223
y=2z-y y=y" -y
f=4—3° = 3yi* = 3gy° + 4y — o f=2° = 2% — vy — 257 + %5 — yy® + 25°
F=y+[y+ 4[u+1[u (Model output) F=-2y+( ln(y)y+fy +2[y*>  (Model output)
Fies =y —yo + [y + 4o fm Fics = 2yo — 2y — 2x0Y0 ]WW +2 [y

— How to handle fractions in a future version of integral_elimination?
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How to study parameter estimation? (1/2)

> i =z
y=2r—y
f=45— 9> —3yp® — 3yy® + 49— y*

F=y+[y+4f ?J+1fy (Model output)

Fics =y — 3o+ fy + 4o ffro f@/ﬂoi/*ﬂfoyo*2

Recent Work (CASC’26)
e detailled computations for Fj.s
e introduction of parameters in X
e practical use of equations with fractions for parameter estimation

e study of the identifiability using integral equations
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How to study parameter estimation? (2/2)

1. start from the intial guess obtained by our models

Ee{dc:ax?’ F=y+[y+4 fy+fy
y=2x— Py 2. introduce initial conditions (apply 12D and
fo = 4§ — ai® — 389y integrate)

— 3082y + 485 — a Sy Fies=y—vyo+ Jy+4 fW
Fo=y—vyo+5[y 3. introduces parameters

+4/ aﬁnyra(lyfyo)f— Fo=y—w+8Jy+4] aﬂfy-ﬂ-a(ly—yo)—f

How to compute Fy using elimination techniques 7
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Interactions between Computer Algebra and Deep Learning

COMPUTER ALGEBRA

DEEP LEARNING
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Interactions between Computer Algebra and Deep Learning

COMPUTER ALGEBRA

integral _elimination
Algorithm
without logarithms

12D
Algorithm

DEEP LEARNING
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Interactions between Computer Algebra and Deep Learning

COMPUTER ALGEBRA

integral _elimination
Algorithm
without logarithms

12D
Algorithm

®
©)
[12Dp] deep 4 deep learning
learning model  —— models for integral
for integration elimination

DEEP LEARNING
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Interactions between Computer Algebra and Deep Learning

COMPUTER ALGEBRA

integral _elimination

12D - new unsolved
Algorithm Algorithm |
& without logarithms exampies
® ®
©)
[12Dp] deep 4 deep learning
learning model  —— models for integral
for integration elimination

DEEP LEARNING
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Interactions between Computer Algebra and Deep Learning

COMPUTER ALGEBRA

integral _elimination improved version of

12D - new unsolved . L. .
Algorithm Algorithm oamples integral_elimination
8 without logarithms P Algorithm with logarithms
® ®
©)
[12Dp] deep 4 deep learning
learning model  —— models for integral
for integration elimination

DEEP LEARNING
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Interactions between Computer Algebra and Deep Learning

COMPUTER ALGEBRA

integral _elimination
Algorithm
without logarithms

improved version of
—— integral_elimination
Algorithm with logarithms

new unsolved

Algorithm examples

future version of
@] ® integral elimination
Algorithm with fractions?

©)
[12Dp] deep 4 deep learning
learning model  —— models for integral
for integration elimination

DEEP LEARNING

17/18



Conclusion




Introduction Background Experimental Setup Trained models Results Conclusion

Conclusion

Main Results
e Five trained models to compute integral I/O equations

e The 12D Algorithm
* Accuracy of the integral_elimination Algorithm on a test dataset:

= Before 41,09% (no logarithms)
= After 45,06% (with logarithms introduced thanks to this experiment)

Paper and Source Code
e "Deep Learning for Integro-Differential Modelling” — SCML'26 proceedings
® https://codeberg.org/louis-roussel/IntegroDifferentialDeepLearning
Future work:
e Deal with systems with more than 2 equations
 Consider other deep learning architecture (e.g. TreeTransformer)
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Thank you for your attention!
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Detailled Results

TestRosenfeld-Grobuer | Integrate | 8960 | 9030 | 0030 | 240| 307 | 3720| 000 | 61,00 | 54,60 7330 8800 0140 100,00 73,90 76,40
Testoponteld-Grobner + 20, T80 | 4310 | 42,20 8340 | 83,20 | 87,40 | 000 | 4140 | 43,10 | 66,00 88,00 | 957 6,60 100,00 83,10
Test 1 elininat 0,00 | 17,20 1740 | 000 1320 | 19,30 | 73,70 | 76,0 | 5300 49,10 | 70,00 | 7610 17,80 870 700,00
Test 3046 | 5033 | 5000 | 28,60 | 4380 | 48,00 456 | 60,30 | 5003 | 6279 | 8250 | 87.70 54,80 @20 86,50
Testjniabelled 232| 234 207| 25 627 550 677 804 243 1,49 41,09

Table 1: Comparison of the success rate of the 7 approaches to compute an integral |/O
equation from a dynamical system on 5 different datasets.

}Rosenfeld-Grubner\Integrate Rosenfeld-Grobner-+[12D;] | integral elimination

[ My M M M
| | Syntax [ Beanl | Beami0 | Syntax | Beaml | Beam10 | Syntax | Beami | Bean10 | Syntax | Beanl | Bean10
| TestynlabeledFiltered | | 320 322 | 263 324 | 813 712 | 873] 1012 335 | 192 | 1812 |

Table 2: Comparison of the success rate of the 7 approaches to compute an integral 1/0
equation from a dynamical system on the Test|j | beledFiltered ©btained after removing from
Testniabelled 2!l the pairs (S, F) in ¥ x Ef where F' contains more than 200 tokens.

Timeouts

Timeouts account for 16.29% of the errors of the deep learning based approaches (i.e.
not integral elimination or Integrate).
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