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Mathematical constants are everywhere!
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But finding a formula or proving
irrationality is not that easy...
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Our Goal -1

Fast Convergence
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Srinivasa
Ramanujan

* M. Shalyt et al. Unifying Structure for Ramanujan’s 17 Series for 1/m: A Human-Al Discovery. RISC Proceedings
on Symbolic Computation and Machine Learning, 3:82-83, 2026.
* R. Hemmecke et al. Computer-Assisted Construction of Ramanujan-Sato Series for 1 over . RISC Report Series

25-01,2025.
* S. Ramanujan. Modular equations and approximations to . Quarterly Journal of Mathematics, 45:350-372, 1914.




Our Goal - 11

[rrationality

(n+ 1)3x,.1 = (34n® + 51n% + 27n + 5)x, — n3x,_4

Roser And Take:
OECTAPELY Ag=1 A, =5 and By,=0, B, =6
Then:
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L R. Apéry. Irrationalit’e de {(2) et {(3). Astérisque, 61:11-13, 1979.
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Approximations & Irrationality

Define Irrationality measure of an approximation:
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In Apéry’s case:
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Then:
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= We want to optimize for !

R. Apéry. Irrationalit’e de {(2) et {(3). Astérisque, 61:11-13, 1979.




[Linear Recurrences

Up = A pUp_q T A plUp_2 + T QpnlUn_m

General form:
Up = QupUp—1 + bpp_

a, b, Limit
n3+ n+1)3 —n® {3)~1
B+ m+13+42n+1) —n® @) -1
3n2+3n+1 —2n* 26)™
n+(n+1)°%+ (n+1)2 nS(n+1) B -¢@)+1n
Take solutions: p_1 = 1,pg = ayg,q—1 = 0,99 = 1 then Z—Z - L

R. Elimelech et al. Algorithm-assisted discovery of an intrinsic order among mathematical constants. Proceedings of
L the National Academy of Sciences, 121(25):€2321440121, 2024.




What was found
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Bailey-Borwein-Plouffe
Mathematics of Computation (1997)

- 4 __HQN—l 2n+1)
1+ 1* John Wallis
. 22
Unify formulas for @ 34— 1656, England
5+
_|_ T4+ o0 (_3)—:%
. . Carl Friedrich Gauss T=V12 Z ok + 1
Connect D-finite functions 1813, Germany k=0
Madhava of Sangamagrama
4 3 14th century, India.
Ty — 1 2v2 i (4k)!(1103 + 26390k)
L. T 9801& (k!)*3961
Raayoni et al. Srinivasa Ramanujan
Nature (2021) 1914, India.

T. Raz et al. From Euler to Al: Unifying formulas for mathematical constants. In Advances in Neural Information
Processing Systems, 2025.

S S. Weinbaum et al. On conservative matrix fields: Continuous asymptotics and arithmetic, 2025




What is a CMF?

My (x,y)My(x,y +1) = Mx(x,y)My(x + 1,y)

Mx (x,y+1
(5,5 +1) D @+ Ly + 1)
My (z,y) O | My (z-+1,y)

R. Elimelech et al. Algorithm-assisted discovery of an intrinsic order among mathematical constants. Proceedings of
L the National Academy of Sciences, 121(25):€2321440121, 2024.




What is a CMF?

Example — CMF from a Generalized Hypergeometric:

n

PFCI[ o ;Z] = i Gen ...(xp)n z
Xp+1 - Xpiq i (x ...(xp+q)n n!

p+1),,

From ODE and contiguous relations - M gZFq (Companion Matrix):
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S. Weinbaum et al. On conservative matrix fields: Continuous asymptotics and arithmetic, 2025.




CMF Limit

So how do we get our Pn actually?

Define CMF limit as:
L}zz’{)q’(n) _ P': My (X) - ey _ Pn |
' e Mpy(x) e dn t
Where: |
- v := trajectory
- X := start point
- M, (x) := “walk” matrix starting from x and walking up to x + nv.

And how do we get p',q'? - PSLQ

S. Weinbaum et al. On conservative matrix fields: Continuous asymptotics and arithmetic, 2025.

10




I

And Practically?

[C ate and interact with CMFs }
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Our Solution - Overview

52

T

Initialization Extraction Analysis Search Post Processing
Create CMF Divide space & Filter Characterize & Filter Scan & Search Enrichment
¢(2) 4+ ¢(3) in 4 F3 CMF 15,000 — 451 subspaces Filter spaces: 451 — 14 Explore each subspace More data about

¢(2) 4+ ¢(3) formulas

Reminder: What do we want to achieve?
* Search for hints of irrationality

* Recurrence relation data mining

12
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Creation

Example: ,F;(z = —1) searching for log(2).

Hence:
My =11 x—y-2z+1
X 2x

CM := x+y+z—1
2
x
0 ~32
=11 —x+y—z+1| M:
y 2y
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N5
Creation

An Infinite Family of Apéry-like
Recurrences of Euler’s Constant

An Infinite Family of Apéry-like Recurrences for Euler's Constant
Tali M Shalyt  Ido Kaminer

TRamanujan

A Meijer G Ides
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Numerical Behavior
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Extraction

Require

1. Want to use full space —

step in negative directions.

2. Use a single start point.

-------------------------------
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Extraction

CMF “walls’:

x =0, x—2z=0, x—z=-1
y =0, y—z=0, y—z=-1
z=0
l
Ax =b

Shard: Unbounded chamber A'x < b defined by the
hyperplanes := {M;’s poles U det(M;) s zeros}.

Goal: find all shards in the CMF
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Symmetry Shard Reduction

1E+7
IE+6
IE+5
IE+4
1E+3
1E+2

1E+]
1IE+0

p

Effectiveness of Symmetry Application on Generalized Hypergeometric CMFs

] B

2F1(-1)

_ #shards
" fianl #shards
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4F3(-1)
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@
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Analysis

* Want trajectory v s.t. v is a recession direction.

1.e.: v stays in a shard defined by (4,b) if Av < 0

* Which Shards are interesting?

Check convergence to constant and other attributes — sample and scan!

8

Tune Space
(LLL & BKZ)

18

A

%
Sampling

(Parallel Tempring MCMC)

A4

e

Evaluation
(Convergence & 0)

=

25

)

5
Prioritization
(& Filtering)
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Analysis
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Methods:
« Broad scan : %I«Eﬁ&' /

S 5®
N v
Ss

* Simulated Annealing

* Genetic algorithm

UtlllZlIlg COHtlHUItyZ 0.0 0.5 1.0 1.5 20 -08 -06 -04 -02 00 02 04 25 20 -15 -1.0 -05 0.0
log|A1|/]Iv] Irrationality Measure (6) convergence rate

e (Gradient Ascent

20 Continutly conjectures: S. Weinbaum et al. On conservative matrix fields: Continuous asymptotics and arithmetic, 2025.



Post Processing

- Attributes:
- Symbolic formula representation
- Digits per step

- gcd(pp, qn) slope

- Convergence rate

- Eigen values

- QGraphs (statistics)

2]

6 (irrationality measure)
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Findings

Constant CMF ) Dimensions
G 1+F3(a,b; 1) —0.275 7
C(2) 1+F3(a,b; 1) 0.26 7
C(2)+C(3) | 4F3(a,b;1) —0.0002 (+0.001) 7
ﬁgm 5F (a,b; 1) —0.06 5
70 integral 0.16 3
log(2) oF1 (a,b; —1) 0.346 3
log(2) 3 FY (a, b; %) 0.388 5
G 3F2 (a, b7 1) —0.43 5

_

—

— [ WR § improvement ]

— [ WR § reconstruction ]

Checkout: Hila Barkan — “New Directions in Irrationality”
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Vision and Future

CMF Atlas

(Gather & Connect Info.)

Enrich Data /

Enhanced
Search

(Discover New Formulas) ~_

ML Integration

\Traln Models
- ~
O

ML Training

(Learn Space & Predict)




Thanks ©

More details at

Weinbaum et al., On Conservative Matrix Fields: Continuous Asymptotics and Arithmetic. 2025.

* Raz et al.,, From Euler to Al: Unifying Formulas for Mathematical Constants. In Advances in Neural

Information Processing Systems, 2025.

» Elimelech et al., Algorithm-assisted discovery of an intrinsic order among mathematical constants.

Proceedings of the National Academy of Sciences, 2024.
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