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Mathematical constants are everywhere!
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1
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• M. Shalyt et al. Unifying Structure for Ramanujan’s 17 Series for 1/𝜋: A Human-AI Discovery. RISC Proceedings 

on Symbolic Computation and Machine Learning, 3:82-83, 2026. 

• R. Hemmecke et al. Computer-Assisted Construction of Ramanujan-Sato Series for 1 over π. RISC Report Series 

25-01, 2025.

• S. Ramanujan. Modular equations and approximations to 𝜋. Quarterly Journal of Mathematics, 45:350-372, 1914.

Our Goal – I
Fast Convergence

Srinivasa

Ramanujan
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Our Goal – II

𝑛 + 1 3𝑥𝑛+1 = 34𝑛3 + 51𝑛2 + 27𝑛 + 5 𝑥𝑛 − 𝑛3𝑥𝑛−1

Irrationality

Take:

𝐴0 = 1, 𝐴1 = 5    and    𝐵0 = 0, 𝐵1 = 6
Then:

𝐵𝑛 − 𝜁 3 𝐴𝑛 ∼ 2 − 1
4𝑛

Hence:
𝐴𝑛

𝐵𝑛
→ 𝜁(3)

Roger Apéry

R. Apéry. Irrationalit´e de 𝜁 2  et 𝜁 3 . Astérisque, 61:11–13, 1979.



Define Irrationality measure of an approximation:

In Apéry’s case:

𝑝𝑛 =
𝐴𝑛

𝑑𝑛
, 𝑞𝑛 =

𝐵𝑛

𝑑𝑛
, 𝑑𝑛 = lcm 1, … , n −3 ∼ 𝑒−3𝑛

Then:

𝑝𝑛

𝑞𝑛
− 𝜁 3 <

1

𝑞𝑛
1+𝛿 where 𝛿 = 0.0805 > 0 ⟹ 𝜁 3 ∉ ℚ

⟹ We want to optimize for 𝜹!

5

𝛿 = lim
𝑛→∞

𝛿𝑛 , 𝛿𝑛 = −1 −
log 𝑥 −

𝑝𝑛
𝑞𝑛

log |𝑞𝑛 |

Approximations & Irrationality

R. Apéry. Irrationalit´e de 𝜁 2  et 𝜁 3 . Astérisque, 61:11–13, 1979.



𝑢𝑛 = 𝑎1,𝑛𝑢𝑛−1 + 𝑎2,𝑛𝑢𝑛−2 + ⋯ + 𝑎𝑚,𝑛𝑢𝑛−𝑚

General form: 

𝑢𝑛 = 𝑎𝑛𝑢𝑛−1 + 𝑏𝑛𝑢𝑛−2

Take solutions: 𝑝−1 = 1, 𝑝0 = 𝑎0, 𝑞−1 = 0, 𝑞0 = 1  then  
𝑝𝑛

𝑞𝑛
→ 𝐿

6

R. Elimelech et al. Algorithm-assisted discovery of an intrinsic order among mathematical constants. Proceedings of 

the National Academy of Sciences, 121(25):e2321440121, 2024.

𝑎𝑛 𝑏𝑛 Limit

𝑛3 + 𝑛 + 1 3 −𝑛6 𝜁 3 −1

𝑛3 + 𝑛 + 1 3 + 4(2𝑛 + 1) −𝑛6 𝜁 3 − 1 −1

3𝑛2 + 3𝑛 + 1 −2𝑛4 2𝐺 −1

𝑛3 + 𝑛 + 1 3 + 𝑛 + 1 2 𝑛5(𝑛 + 1) 𝜁 3 − 𝜁 2 + 1 −1

Linear Recurrences
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T. Raz et al. From Euler to AI: Unifying formulas for mathematical constants. In Advances in Neural Information 

Processing Systems, 2025.

S. Weinbaum et al. On conservative matrix fields: Continuous asymptotics and arithmetic, 2025.

What was found

Unify formulas for 𝜋
+

Connect D-finite functions
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𝑀𝑌 𝑥, 𝑦 𝑀𝑋 𝑥, 𝑦 + 1 = 𝑀𝑋 𝑥, 𝑦 𝑀𝑌 𝑥 + 1, 𝑦

What is a CMF?

R. Elimelech et al. Algorithm-assisted discovery of an intrinsic order among mathematical constants. Proceedings of 

the National Academy of Sciences, 121(25):e2321440121, 2024.



Example – CMF from a Generalized Hypergeometric:

𝑝𝐹𝑞
𝑥1 … 𝑥𝑝

𝑥𝑝+1 … 𝑥𝑝+𝑞
; 𝑧 = ෍

𝑛=0

∞
𝑥1 𝑛 … 𝑥𝑝 𝑛

𝑥𝑝+1 𝑛
… 𝑥𝑝+𝑞 𝑛

𝑧𝑛

𝑛!

From ODE and contiguous relations → 𝑀𝜃𝑧

𝑝𝐹𝑞
 (Companion Matrix):

∀1 ≤ 𝑖 ≤ 𝑝: 𝑀𝑒𝑖
=

1

𝑥𝑖
𝑀𝜃𝑧

𝑝𝐹𝑞
+ 𝐼,

∀𝑝 + 1 ≤ 𝑖 ≤ 𝑝 + 𝑞: 𝑀−𝑒𝑗
=

1

𝑥𝑖 − 1
𝑀𝜃𝑧

𝑝𝐹𝑞
+ 𝐼

9

𝑎 𝑛 ≔ ෑ

𝑘=0

𝑛−1

(𝑎 + 𝑘)

What is a CMF?

S. Weinbaum et al. On conservative matrix fields: Continuous asymptotics and arithmetic, 2025.



So how do we get our 
𝑝𝑛

𝑞𝑛
 actually? 

Define CMF limit as: 

ℒ𝑥,𝑣
𝑝′,𝑞′

𝑛 =
𝑝′𝑇

⋅ ℳ𝑛𝑣 𝑥 ⋅ 𝑒𝑟

𝑞′𝑇 ⋅ ℳ𝑛𝑣 𝑥 ⋅ 𝑒𝑟

=
𝑝𝑛

𝑞𝑛

Where:

- 𝑣 ∶= trajectory

- 𝑥 ∶= start point

- ℳ𝑛𝑣 𝑥 ∶= “walk” matrix starting from 𝑥 and walking up to 𝑥 + 𝑛𝑣.

And how do we get 𝑝′, 𝑞′? - PSLQ

S. Weinbaum et al. On conservative matrix fields: Continuous asymptotics and arithmetic, 2025.

CMF Limit

10



And Practically?

Ramanujan Tools

By Rotem Kalisch 

(and others)

Ramanujan’s Dreams

By Me!

Create and interact with CMFs Search and explore new formulas

⟹

11



Our Solution - Overview

Reminder: What do we want to achieve?

• Search for hints of irrationality

• Recurrence relation data mining

12



Example: 2𝐹1 𝑧 = −1  searching for 𝑙𝑜𝑔 2 .

𝐶𝑀 ∶=
0 −

𝑥𝑦

2

1 −
𝑥 + 𝑦 + 𝑧 − 1

2

Hence:

𝑀𝑥  ≔
0 −

𝑦

2
1

𝑥

𝑥 − 𝑦 − 𝑧 + 1

2𝑥

, 𝑀𝑦  ≔

0 −
𝑥

2
1

𝑦

−𝑥 + 𝑦 − 𝑧 + 1

2𝑦

, 𝑀𝑧  ≔
𝑧

𝑥 − 𝑧 𝑦 − 𝑧

−𝑥 − 𝑦 + 𝑧 𝑥𝑦
−2 2𝑧

Example: 2𝐹1 −1  searching for 𝑙𝑜𝑔 2 .

𝐶𝑀 ∶=
0 −

𝑥1𝑥2

2

1 −
𝑥1 + 𝑥2 + 𝑥3 − 1

2

Hence:

𝑀𝑥1
 ≔

0 −
𝑥2

2
1

𝑥1

𝑥1 − 𝑥2 − 𝑥3 + 1

2𝑥1

, 𝑀𝑥2
 ≔

0 −
𝑥1

2
1

𝑥2

−𝑥1 + 𝑥2 − 𝑥3 + 1

2𝑥2

,  𝑀𝑥3
 ≔

𝑥3

𝑥1 − 𝑥3 𝑥2 − 𝑥3

−𝑥1 − 𝑥2 + 𝑥3 𝑥1𝑥2

−2 2𝑥3

13

Creation



𝑀𝑥  ≔
0 −

𝑦

2
1

𝑥

𝑥 − 𝑦 − 𝑧 + 1

2𝑥

𝑀𝑦  ≔

0 −
𝑥

2
1

𝑦

−𝑥 + 𝑦 − 𝑧 + 1

2𝑦

𝑀𝑧  ≔
𝑧

𝑥 − 𝑧 𝑦 − 𝑧

−𝑥 − 𝑦 + 𝑧 𝑥𝑦
−2 2𝑧

Example: 2𝐹1 −1  searching for 𝑙𝑜𝑔 2 .

𝐶𝑀 ∶=
0 −

𝑥1𝑥2

2

1 −
𝑥1 + 𝑥2 + 𝑥3 − 1

2

Hence:

𝑀𝑥1
 ≔

0 −
𝑥2

2
1

𝑥1

𝑥1 − 𝑥2 − 𝑥3 + 1

2𝑥1

, 𝑀𝑥2
 ≔

0 −
𝑥1

2
1

𝑥2

−𝑥1 + 𝑥2 − 𝑥3 + 1

2𝑥2

,  𝑀𝑥3
 ≔

𝑥3

𝑥1 − 𝑥3 𝑥2 − 𝑥3

−𝑥1 − 𝑥2 + 𝑥3 𝑥1𝑥2

−2 2𝑥3

An Infinite Family of Apéry-like 

Recurrences of Euler’s Constant   

14

Rotem Kalisch

Meijer GHypergeometric

Creation



Require

1. Want to use full space – 

step in negative directions.

2. Use a single start point.

Example: 2𝐹1 −1  searching for 𝑙𝑜𝑔 2 .

𝐶𝑀 ∶=
0 −

𝑥1𝑥2

2

1 −
𝑥1 + 𝑥2 + 𝑥3 − 1

2

Hence:

𝑀𝑥1
 ≔

0 −
𝑥2

2
1

𝑥1

𝑥1 − 𝑥2 − 𝑥3 + 1

2𝑥1

, 𝑀𝑥2
 ≔

0 −
𝑥1

2
1

𝑥2

−𝑥1 + 𝑥2 − 𝑥3 + 1

2𝑥2

,  𝑀𝑥3
 ≔

𝑥3

𝑥1 − 𝑥3 𝑥2 − 𝑥3

−𝑥1 − 𝑥2 + 𝑥3 𝑥1𝑥2

−2 2𝑥3

15

Extraction



CMF “walls”:

𝑥 = 0, 𝑥 − 𝑧 = 0, 𝑥 − 𝑧 = −1

𝑦 = 0, 𝑦 − 𝑧 = 0, 𝑦 − 𝑧 = −1

𝑧 = 0

↓

𝐴𝒙 = 𝑏

Shard: Unbounded chamber 𝐴′𝑥 < 𝑏 defined by the 

hyperplanes ∶= {𝑀𝑖′s poles ∪ det(𝑀𝑖) ′s zeros}.

Goal: find all shards in the CMF

(matching a sign vector 𝑣s:  𝐴 = 𝑆 ሚ𝐴, 𝑆𝑖𝑗 ≔ 𝑣si𝛿𝑖𝑗). 

16

Extraction



CMF #SHARDS FOUND AFTER 5 MIN #SHARDS AFTER SYMMETRY CONSIDERATION

3𝐹2 1

4𝐹3 1

6𝐹5 1

1E+0

1E+1

1E+2

1E+3

1E+4

1E+5

1E+6

1E+7

2F1(-1) 3F2(-1) 4F3(-1) 5F4(-1) 6F5(-1)

Effectiveness of Symmetry Application on Generalized Hypergeometric CMFs

final #shards #shards 𝜌

𝜌 =
#𝑠ℎ𝑎𝑟𝑑𝑠

fianl #𝑠ℎ𝑎𝑟𝑑𝑠

** Heuristic with timeout of 5 min

17

Symmetry Shard Reduction



• Want trajectory 𝑣 s.t. 𝑣 is a recession direction. 

i.e.: 𝑣 stays in a shard defined by (𝐴, 𝑏) if 𝐴𝑣 ≤  0

• Which Shards are interesting?

Check convergence to constant and other attributes → sample and scan!

18

Analysis
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− 𝑛 + 2 2𝑛 + 5 𝑢𝑛 = 12 𝑛 + 3 2𝑢𝑛−1 − 𝑛 + 4 2𝑛 + 7 𝑢𝑛−2

Analysis

𝛿 ≈ 0.28

(1, −1,0)



Gradient Ascent for 𝜹 Search – SPSA and Adam

Methods:

• Broad scan

• Simulated Annealing

• Genetic algorithm

Utilizing continuity:

• Gradient Ascent

20

Search

Continutiy conjectures: S. Weinbaum et al. On conservative matrix fields: Continuous asymptotics and arithmetic, 2025.



- Attributes:

- Symbolic formula representation

- Digits per step

- gcd(𝑝𝑛, 𝑞𝑛) slope

- Convergence rate

- Eigen values

…

- Graphs (statistics)

21

Post Processing
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Findings

WR 𝛿 reconstruction

WR 𝛿 improvement

Checkout: Hila Barkan – “New Directions in Irrationality”
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Vision and Future



More details at

• Weinbaum et al., On Conservative Matrix Fields: Continuous Asymptotics and Arithmetic. 2025.

• Raz et al., From Euler to AI: Unifying Formulas for Mathematical Constants. In Advances in Neural 

Information Processing Systems, 2025.

• Elimelech et al., Algorithm-assisted discovery of an intrinsic order among mathematical constants. 

Proceedings of the National Academy of Sciences, 2024.

24

Thanks ☺
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  𝜑 =   1 +  5 2


  𝛿 =     lim  n → ∞ ⁡     a  n − 1 −  a  n − 2   a n −  a  n − 1


  G =  ∑  n = 0 ∞       (  − 1 ) n     (  2 n + 1 ) 2


  M =  ∑  i , j , k = − ∞ ∞       (  − 1 )  i + j + k + 1     i 2 +  j 2 +  k 2


  γ =     lim  n → ∞ ⁡   (   ∑  k = 1 n   1 k −   ln ⁡ n )


  e =  ∑  n = 0 ∞   1  n !


  𝜁  ( 3 ) =  ∑  n = 1 ∞   1   n 3


  𝜇 =     lim  n → ∞ ⁡     c n n


  𝜋 =     lim  𝜖 → 0 ⁡  ( N ⋅  𝜖 )


   K 0 =  ∏  n = 1 ∞     (  1 +  1  n  (  n + 2 ) )      ln ⁡ n    ln ⁡ 2


  𝛿 =  ∫ 0 ∞     e  − x  1 + x d x


   1 𝜋 =   2  2  9801  ∑  k = 0 ∞     (  4 k ) !  (  1103 + 26390 k )     (  k ! ) 4   396  4 k


   𝜋 4 =  ∑  k = 0 ∞       (  − 1 ) k  2 k + 1


  𝜋 =     lim  n → ∞ ⁡   4  1 +    1 2  3 +    2 2  5 +    3 2  ⋱ +    n 2  2 n + 1


  e =  1  1 −  1  2 −  1  3 −  2  4 −  3  5 − …


   1 𝜋 =   2  2  9801  ∑  k = 0 ∞     (  4 k ) !  (  1103 + 26390 k )     (  k ! ) 4   396  4 k


   𝜋 4 =  ∑  k = 0 ∞       (  − 1 ) k  2 k + 1


  𝜋 =     lim  n → ∞ ⁡   4  1 +    1 2  3 +    2 2  5 +    3 2  ⋱ +    n 2  2 n + 1


  e =  1  1 −  1  2 −  1  3 −  2  4 −  3  5 − …


  𝜋 =  4  1 +    1 2  2 +    3 2  2 +    5 2 …


  𝜋 = 2 +  2  1 +   1 ⋅ 2  1 +   2 ⋅ 3  1 +   3 ⋅ 4  1 + …


   𝜋 2 =  ∏  n = 1 ∞       (  2 n ) 2  ( 2 n − 1 ) ( 2 n + 1 )


   4  𝜋 − 2 = 3 +  3  5 +  8  7 +   15  9 +   24  11 + …


   5 4 − 𝜁  ( 3 ) =  ∑  n = 2 ∞   1   n 3 (  n 2 − 1 )


   1  2 − 2 G = 3 +    2 2  1 +    2 2  3 +    4 2  1 +    4 2 …


  𝜋 =   12  ∑  k = 0 ∞       (  − 3 )  − k  2 k + 1


   1  2 G − 1 =  1 2 +   1 ⋅ 1   1 2 +   1 ⋅ 2   1 2 +    2 2   1 2 +   2 ⋅ 3 …


   1 𝜋 =   2  2  9801  ∑  k = 0 ∞     (  4 k ) !  (  1103 + 26390 k )     (  k ! ) 4   396  4 k


  𝜋


  π


  𝜋


     (  n + 1 ) 3  x  n + 1 =  (  34  n 3 + 51  n 2 + 27 n + 5 )  x n −  n 3  x  n − 1


   A 0 = 1 ,      A 1 = 5


   B 0 = 0 ,      B 1 = 6


   B n − 𝜁  ( 3 )  A n ∼    (   2 − 1 )  4 n


     A n   B n → 𝜁 ( 3 )


  𝜁  ( 2 )


  𝜁  ( 3 )


   p n =    A n   d n ,      q n =    B n   d n ,      d n = lcm    (  1 , … , n )  − 3 ∼  e  − 3 n


   |     p n   q n − 𝜁  ( 3 ) | <  1     |   q n |  1 + 𝛿


  𝛿 = 0 . 0805 > 0 ⟹ 𝜁  ( 3 ) ∉ ℚ


  ⟹


  𝜹


  𝛿 =     lim  n → ∞ ⁡   𝛿 n ,      𝛿 n = − 1 −     log ⁡   |  x   −      p n   q n |    log ⁡  |  q n   |


  𝜁  ( 2 )


  𝜁  ( 3 )


   u n =  a  1 , n  u  n − 1 +  a  2 , n  u  n − 2 + … +  a  m , n  u  n − m


   u n =  a n  u  n − 1 +  b n  u  n − 2


   p  − 1 = 1 ,    p 0 =  a 0 ,  q  − 1 = 0 ,  q 0 = 1


     p n   q n → L


   a n


   b n


   n 3 +    (  n + 1 ) 3


  −  n 6


  𝜁    ( 3 )  − 1


   n 3 +    (  n + 1 ) 3 + 4 ( 2 n + 1 )


  −  n 6


     (  𝜁  ( 3 ) − 1 )  − 1


  3  n 2 + 3 n + 1


  − 2  n 4


     (  2 G )  − 1


   n 3 +    (  n + 1 ) 3 +    (  n + 1 ) 2


   n 5 ( n + 1 )


     (  𝜁  ( 3 ) − 𝜁  ( 2 ) + 1 )  − 1


  𝜋


   M Y  (  x , y )  M X  (  x , y + 1 ) =  M X  (  x , y )  M Y  (  x + 1 , y )


  p F q  [      x 1  …   x p    x  p + 1  …   x  p + q ; z ] =  ∑  n = 0 ∞       (   x 1 ) n …    (   x p ) n     (   x  p + 1 ) n …    (   x  p + q ) n    z n  n !


  →


   M   𝜃 z  p F q  


  ∀ 1 ≤ i ≤ p :      M   e i =  1   x i  M   𝜃 z  p F q + I ,


  ∀ p + 1 ≤ i ≤ p + q :      M  −  e j =  1   x i − 1  M   𝜃 z  p F q + I


     ( a ) n ≔  ∏  k = 0  n − 1  ( a + k )


     p n   q n


   ℒ  x , v   p ′ ,  q ′  ( n ) =      p ′ T ⋅  ℳ  n v  ( x ) ⋅  e r     q ′ T ⋅  ℳ  n v  ( x ) ⋅  e r =    p n   q n


  v   : =


  x   : =


   ℳ  n v  ( x )   : =


  x


  x + n v


   p ′ ,  q ′


  ⟹


   ​ 2  F 1  (  z = − 1 )


  l o g  ( 2 )


  C M   : =  (     0  −   x y 2   1  −   x + y + z − 1 2 )


   M x     ≔  (     0  −  y 2    1 x    x − y − z + 1  2 x ) ,      M y     ≔  (     0  −  x 2    1 y    − x + y − z + 1  2 y ) ,      M z   ≔  z   (  x − z )  (  y − z )  (     − x − y + z  x y   − 2  2 z )


   ​ 2  F 1  (  − 1 )


  l o g  ( 2 )


  C M   : =  (     0  −    x 1  x 2 2   1  −    x 1 +  x 2 +  x 3 − 1 2 )


   M   x 1     ≔  (     0  −    x 2 2    1   x 1     x 1 −  x 2 −  x 3 + 1  2  x 1 ) ,      M   x 2     ≔  (     0  −    x 1 2    1   x 2      − x 1 +  x 2 −  x 3 + 1  2  x 2 ) ,        M   x 3   ≔    x 3   (   x 1 −  x 3 )  (   x 2 −  x 3 )  (     −  x 1 −  x 2 +  x 3   x 1  x 2   − 2  2  x 3 )


   M x     ≔  (     0  −  y 2    1 x    x − y − z + 1  2 x )


   M y     ≔  (     0  −  x 2    1 y    − x + y − z + 1  2 y )


   M z   ≔  z   (  x − z )  (  y − z )  (     − x − y + z  x y   − 2  2 z )


   ​ 2  F 1  (  − 1 )


  l o g  ( 2 )


  C M   : =  (     0  −    x 1  x 2 2   1  −    x 1 +  x 2 +  x 3 − 1 2 )


   M   x 1     ≔  (     0  −    x 2 2    1   x 1     x 1 −  x 2 −  x 3 + 1  2  x 1 ) ,      M   x 2     ≔  (     0  −    x 1 2    1   x 2      − x 1 +  x 2 −  x 3 + 1  2  x 2 ) ,        M   x 3   ≔    x 3   (   x 1 −  x 3 )  (   x 2 −  x 3 )  (     −  x 1 −  x 2 +  x 3   x 1  x 2   − 2  2  x 3 )


   ​ 2  F 1  (  − 1 )


  l o g  ( 2 )


  C M   : =  (     0  −    x 1  x 2 2   1  −    x 1 +  x 2 +  x 3 − 1 2 )


   M   x 1     ≔  (     0  −    x 2 2    1   x 1     x 1 −  x 2 −  x 3 + 1  2  x 1 ) ,      M   x 2     ≔  (     0  −    x 1 2    1   x 2      − x 1 +  x 2 −  x 3 + 1  2  x 2 ) ,        M   x 3   ≔    x 3   (   x 1 −  x 3 )  (   x 2 −  x 3 )  (     −  x 1 −  x 2 +  x 3   x 1  x 2   − 2  2  x 3 )


  x = 0 ,     x − z = 0 ,     x − z = − 1


  y = 0 ,     y − z = 0 ,     y − z = − 1


  z = 0


  ↓


  A 𝒙 = b


   A ′ x < b


  : = {  M i ′ s   poles   ∪   det ⁡    ( M i ) ′ s   zeros } ⁡


   v s :   A = S  A ~ ,      S  i j ≔    v s i  𝛿  i j


   ​ 3  F 2  ( 1 )


   ​ 4  F 3  ( 1 )


   ​ 6  F 5  ( 1 )


          𝜌 =   # s h a r d s  fianl   # s h a r d s


  v  


  v


  v


  ( A , b )  


  A v   ≤   0


  →


  −  (  n + 2 )  (  2 n + 5 )  u n = 12    (  n + 3 ) 2  u  n − 1 −  (  n + 4 )  (  2 n + 7 )  u  n − 2


  𝛿 ≈ 0 . 28


  ( 1 , − 1 , 0 )


  𝜹


    gcd ⁡  (  p n ,  q n )


  𝛿


  𝛿

