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Tools for Computation

2

๏ Tools have scaled up computation. 
๏ Observing many instances leads to discovery of computational rules and heuristics.

 Research Q. 
Can we leverage learning as a new computational tool? 



This Survey Talk
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 Goal 

Overviewing learning symbolic computation.
๏ Suggesting the first entry point of SC x ML for newcomers 
๏ Offering a new entry point of SC x ML researchers

๏ Details of the experiments and the “good results”. 
๏ Theorem proving 
๏ LLM-based reasoning

What this talk doesn’t cover



Symbolic Computation x Machine Learning
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Seminal works have already tried machine learning in symbolic computation. 
๏ CAD variable order selection[Huang+’14’19] ๏ S-pair selection in Buchberger algorithm[Peifer+’20]



Symbolic Computation x Machine Learning
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However, classical ML lacks flexibility with limited learning ability for math tasks.

Seminal works have already tried machine learning in symbolic computation. 
๏ CAD variable order selection[Huang+’14’19] ๏ S-pair selection in Buchberger algorithm[Peifer+’20]



Symbolic Computation x Machine Learning
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Transformer[Vaswani+’17]: an efficient sequence-to-sequence model.
<latexit sha1_base64="tcQ7sqzxdvvEaLjWFz0SN4RBPzk="></latexit>

T : !→ → !→ ↑ !→
<latexit sha1_base64="GElotIsAWM4u+v9iWcCzFGzHF+w="></latexit>

!
<latexit sha1_base64="05dEy/l7rT4hwa0aXseYlK6td0M="></latexit>

!→
: Set of all tokens (“vocabulary”)
: Set of all sequences of tokens

๏ Vast applications: sequence of words (language), pixels (images), states & actions (game)… 
๏ Symbolic computation, too[Lample & Charton’20]

However, classical ML lacks flexibility with limited learning ability for math tasks.

Seminal works have already tried machine learning in symbolic computation. 
๏ CAD variable order selection[Huang+’14’19] ๏ S-pair selection in Buchberger algorithm[Peifer+’20]



Autoregressive Generation & Attention
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<latexit sha1_base64="tcQ7sqzxdvvEaLjWFz0SN4RBPzk="></latexit>

T : !→ → !→ ↑ !→
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<latexit sha1_base64="N5Oyh5ZGvlOQejJA1nUQxFUCYvo="></latexit>

T ([5, 9, 1, 2, +, 2, 4, 6, 1], [<start>]) → 8
<latexit sha1_base64="0r5AaBOdNzQfmPnqJ963k6MQJV0="></latexit>

T ([5, 9, 1, 2, +, 2, 4, 6, 1], [<start>, 8]) → 3

<latexit sha1_base64="o15SOLIPndFF7bEOa8Dp0CgdEIs="></latexit>

T ([5, 9, 1, 2, +, 2, 4, 6, 1], [<start>, 8, 3, 7, 3]) → <end>

…
 

Autoregressive generation: task breakdown

<latexit sha1_base64="tcQ7sqzxdvvEaLjWFz0SN4RBPzk="></latexit>

T : !→ → !→ ↑ !→
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<latexit sha1_base64="N5Oyh5ZGvlOQejJA1nUQxFUCYvo="></latexit>

T ([5, 9, 1, 2, +, 2, 4, 6, 1], [<start>]) → 8
<latexit sha1_base64="0r5AaBOdNzQfmPnqJ963k6MQJV0="></latexit>

T ([5, 9, 1, 2, +, 2, 4, 6, 1], [<start>, 8]) → 3

<latexit sha1_base64="o15SOLIPndFF7bEOa8Dp0CgdEIs="></latexit>

T ([5, 9, 1, 2, +, 2, 4, 6, 1], [<start>, 8, 3, 7, 3]) → <end>

…
 

Autoregressive generation: task breakdown

<latexit sha1_base64="tcQ7sqzxdvvEaLjWFz0SN4RBPzk="></latexit>

T : !→ → !→ ↑ !→

Attention module: input-adaptive weights

(Attention layer; simplified)
<latexit sha1_base64="R6fT3HLayz5TnD4YlMRtHaoECyw="></latexit>

A(X) =
(
(XWQ)

→XWK

)
X

<latexit sha1_base64="aeI95o0CbU+9+forGRftNzzHhqs="></latexit>

X → Rω→d

<latexit sha1_base64="7WYM2CqpQg5rxILlXBak2FHFqnA="></latexit>

WQ,WK → Rd→d

: sequence of d-dimensional vectors in length    (corrsp. to     tokens)

<latexit sha1_base64="1KhtthIOWbw4FGczA4vBKNty1sA="></latexit>

Rω→ω Input-adaptive trainable weights 

<latexit sha1_base64="zswIGKsgKDOO3y7ZGgHrrcXBf1c="></latexit>

ω
<latexit sha1_base64="zswIGKsgKDOO3y7ZGgHrrcXBf1c="></latexit>

ω
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Learning to Compute Gröbner bases

Hiroshi Kera, Yuki Ishihara, Yuta Kambe, Tristan Vaccon, Kazuhiro Yokoyama

NeurIPS 2024

Case Study #0
Caveats of Symbolic Computation x Transformers
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<latexit sha1_base64="1Ltz7Fdp2umSB0pZX6D81RcBAKs="></latexit>{
f1 = x3 → 3x2 → y + 1
f2 = →x2 + y2 → 1

<latexit sha1_base64="SpF+jysBf4h0dbiuxC5i5oVdrDU="></latexit>




g1 = x2 → y2 + 1
g2 = xy → x→ y4 + 11y2 + 3y → 13
g3 = y5 + y4 → 11y3 → 17y2 + 9y + 17

<latexit sha1_base64="tcQ7sqzxdvvEaLjWFz0SN4RBPzk="></latexit>

T :

<latexit sha1_base64="jlKpb+9FyapR34oId8sD1p9gEv8="></latexit>

F
<latexit sha1_base64="cjS6+VDqMhJmCMAZpucNyBwGDbw="></latexit>

GGröbner basisPolynomial set

Transformer

๏ Restricted to ideals in shape position:  
๏ Simple tokenization: 

<latexit sha1_base64="UFaWR9sFsk7nxcL4ddH5U4REVWI="></latexit>

G = {h(xn), x1 → g1(xn), . . . , xn→1 → gn→1(xn)}
<latexit sha1_base64="EVU2r7bb/e7mVD7QKd0oHWsy9Jo="></latexit>

{x2 + y, 2y} → [C1, E2, E0, +, C1, E0, E1, |, C2, E0, E1]

Overview



๏ Observing 100x accelaration by Transformer against F4 for a few instances. 
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Table 2: Accuracy [%] / support accuracy [%] of Gröbner basis computation by Transformer on D
�
n
(k).

In the support accuracy, two polynomials are considered identical if they consist of an identical set of
terms (i.e., identical support), Note that the datasets for n = 3,4,5 are here constructed using U1,U 0

2 with
density s = 0.6,0.3,0.2, respectively.

Ring n = 2,s = 1 n = 3,s = 0.6 n = 4,s = 0.3 n = 5,s = 0.2
Q[x1, . . . ,xn] 94.6 / 97.9 96.1 / 98.6 96.2 / 98.6 91.8 / 97.9
F7[x1, . . . ,xn] 66.6 / 76.6 78.8 / 87.6 80.9 / 91.1 83.2 / 91.4
F31[x1, . . . ,xn] 44.7 / 82.7 58.5 / 89.3 73.9 / 93.9 80.0 / 93.4

k 2 {Q,R} than finite field ones k = Fp. This may be a counter-intuitive observation because there are
more possible coefficients in G and F for Q than Fp. Specifically, for G, the coefficient a/b 2 Q is
restricted to those with a,b 2 {�5, . . . ,5} (i.e., roughly 50 choices), and a,b 2 {�100, . . . ,100} (i.e.,
roughly 20,000 choices) for F . In contrast, there are only p choices for Fp. The performance even
degrades for the larger order p = 31. Interestingly, the support accuracy shows that the terms forming
the polynomial (i.e., the support of polynomial) are correctly identified well. Thus, Transformers have
difficulty determining the coefficients in finite fields. Several studies have also reported that learning to
solve a problem involving modular arithmetic may encounter some difficulties [7, 14, 23].

4 Conclusion

This study proposed the first learning approach to a fundamental algebraic task, the Gröbner basis
computation. While various recent studies have reported the learnability of mathematical problems by
Transformers, we addressed the first problem with nontriviality in the dataset generation. Ultimately,
the learning approach may be useful to address large-scale problems that cannot be approached by
Gröbner basis computation algorithms because of their computational complexity. Transformers can
output predictions in moderate runtime. The outputs may be incorrect, but there is a chance of obtaining a
hint of a solution, as shown in our experiments. We believe that our study reveals many interesting open
questions to achieve Gröbner basis computation learning.

Acknowledgement. This research was supported by JST ACT-X Grant Number JPMJAX23C8 and
JSPS KAKENHI Grant Number JP22K13901. Yuta Kambe (Mitsubishi Electric Information Technology
R&D Center) is not included in the authors due to a technical reason at submission.

References
[1] Gregory V. Bard (2009): Algorithms for Solving Polynomial Systems. Springer US.
[2] Luca Biggio, Tommaso Bendinelli, Alexander Neitz, Aurelien Lucchi & Giambattista Parascandolo (2021):
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Table 2: Accuracy [%] / support accuracy [%] of Gröbner basis computation by Transformer on D
�
n
(k).

In the support accuracy, two polynomials are considered identical if they consist of an identical set of
terms (i.e., identical support), Note that the datasets for n = 3,4,5 are here constructed using U1,U 0

2 with
density s = 0.6,0.3,0.2, respectively.

Ring n = 2,s = 1 n = 3,s = 0.6 n = 4,s = 0.3 n = 5,s = 0.2
Q[x1, . . . ,xn] 94.6 / 97.9 96.1 / 98.6 96.2 / 98.6 91.8 / 97.9
F7[x1, . . . ,xn] 66.6 / 76.6 78.8 / 87.6 80.9 / 91.1 83.2 / 91.4
F31[x1, . . . ,xn] 44.7 / 82.7 58.5 / 89.3 73.9 / 93.9 80.0 / 93.4

k 2 {Q,R} than finite field ones k = Fp. This may be a counter-intuitive observation because there are
more possible coefficients in G and F for Q than Fp. Specifically, for G, the coefficient a/b 2 Q is
restricted to those with a,b 2 {�5, . . . ,5} (i.e., roughly 50 choices), and a,b 2 {�100, . . . ,100} (i.e.,
roughly 20,000 choices) for F . In contrast, there are only p choices for Fp. The performance even
degrades for the larger order p = 31. Interestingly, the support accuracy shows that the terms forming
the polynomial (i.e., the support of polynomial) are correctly identified well. Thus, Transformers have
difficulty determining the coefficients in finite fields. Several studies have also reported that learning to
solve a problem involving modular arithmetic may encounter some difficulties [7, 14, 23].

4 Conclusion

This study proposed the first learning approach to a fundamental algebraic task, the Gröbner basis
computation. While various recent studies have reported the learnability of mathematical problems by
Transformers, we addressed the first problem with nontriviality in the dataset generation. Ultimately,
the learning approach may be useful to address large-scale problems that cannot be approached by
Gröbner basis computation algorithms because of their computational complexity. Transformers can
output predictions in moderate runtime. The outputs may be incorrect, but there is a chance of obtaining a
hint of a solution, as shown in our experiments. We believe that our study reveals many interesting open
questions to achieve Gröbner basis computation learning.

Acknowledgement. This research was supported by JST ACT-X Grant Number JPMJAX23C8 and
JSPS KAKENHI Grant Number JP22K13901. Yuta Kambe (Mitsubishi Electric Information Technology
R&D Center) is not included in the authors due to a technical reason at submission.
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Table 2: Accuracy [%] / support accuracy [%] of Gröbner basis computation by Transformer on D
�
n
(k).

In the support accuracy, two polynomials are considered identical if they consist of an identical set of
terms (i.e., identical support), Note that the datasets for n = 3,4,5 are here constructed using U1,U 0

2 with
density s = 0.6,0.3,0.2, respectively.

Ring n = 2,s = 1 n = 3,s = 0.6 n = 4,s = 0.3 n = 5,s = 0.2
Q[x1, . . . ,xn] 94.6 / 97.9 96.1 / 98.6 96.2 / 98.6 91.8 / 97.9
F7[x1, . . . ,xn] 66.6 / 76.6 78.8 / 87.6 80.9 / 91.1 83.2 / 91.4
F31[x1, . . . ,xn] 44.7 / 82.7 58.5 / 89.3 73.9 / 93.9 80.0 / 93.4

k 2 {Q,R} than finite field ones k = Fp. This may be a counter-intuitive observation because there are
more possible coefficients in G and F for Q than Fp. Specifically, for G, the coefficient a/b 2 Q is
restricted to those with a,b 2 {�5, . . . ,5} (i.e., roughly 50 choices), and a,b 2 {�100, . . . ,100} (i.e.,
roughly 20,000 choices) for F . In contrast, there are only p choices for Fp. The performance even
degrades for the larger order p = 31. Interestingly, the support accuracy shows that the terms forming
the polynomial (i.e., the support of polynomial) are correctly identified well. Thus, Transformers have
difficulty determining the coefficients in finite fields. Several studies have also reported that learning to
solve a problem involving modular arithmetic may encounter some difficulties [7, 14, 23].

4 Conclusion

This study proposed the first learning approach to a fundamental algebraic task, the Gröbner basis
computation. While various recent studies have reported the learnability of mathematical problems by
Transformers, we addressed the first problem with nontriviality in the dataset generation. Ultimately,
the learning approach may be useful to address large-scale problems that cannot be approached by
Gröbner basis computation algorithms because of their computational complexity. Transformers can
output predictions in moderate runtime. The outputs may be incorrect, but there is a chance of obtaining a
hint of a solution, as shown in our experiments. We believe that our study reveals many interesting open
questions to achieve Gröbner basis computation learning.
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JSPS KAKENHI Grant Number JP22K13901. Yuta Kambe (Mitsubishi Electric Information Technology
R&D Center) is not included in the authors due to a technical reason at submission.
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Table 2: Accuracy [%] / support accuracy [%] of Gröbner basis computation by Transformer on D
�
n
(k).

In the support accuracy, two polynomials are considered identical if they consist of an identical set of
terms (i.e., identical support), Note that the datasets for n = 3,4,5 are here constructed using U1,U 0

2 with
density s = 0.6,0.3,0.2, respectively.
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F7[x1, . . . ,xn] 66.6 / 76.6 78.8 / 87.6 80.9 / 91.1 83.2 / 91.4
F31[x1, . . . ,xn] 44.7 / 82.7 58.5 / 89.3 73.9 / 93.9 80.0 / 93.4

k 2 {Q,R} than finite field ones k = Fp. This may be a counter-intuitive observation because there are
more possible coefficients in G and F for Q than Fp. Specifically, for G, the coefficient a/b 2 Q is
restricted to those with a,b 2 {�5, . . . ,5} (i.e., roughly 50 choices), and a,b 2 {�100, . . . ,100} (i.e.,
roughly 20,000 choices) for F . In contrast, there are only p choices for Fp. The performance even
degrades for the larger order p = 31. Interestingly, the support accuracy shows that the terms forming
the polynomial (i.e., the support of polynomial) are correctly identified well. Thus, Transformers have
difficulty determining the coefficients in finite fields. Several studies have also reported that learning to
solve a problem involving modular arithmetic may encounter some difficulties [7, 14, 23].

4 Conclusion

This study proposed the first learning approach to a fundamental algebraic task, the Gröbner basis
computation. While various recent studies have reported the learnability of mathematical problems by
Transformers, we addressed the first problem with nontriviality in the dataset generation. Ultimately,
the learning approach may be useful to address large-scale problems that cannot be approached by
Gröbner basis computation algorithms because of their computational complexity. Transformers can
output predictions in moderate runtime. The outputs may be incorrect, but there is a chance of obtaining a
hint of a solution, as shown in our experiments. We believe that our study reveals many interesting open
questions to achieve Gröbner basis computation learning.
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Table 2: Accuracy [%] / support accuracy [%] of Gröbner basis computation by Transformer on D
�
n
(k).

In the support accuracy, two polynomials are considered identical if they consist of an identical set of
terms (i.e., identical support), Note that the datasets for n = 3,4,5 are here constructed using U1,U 0

2 with
density s = 0.6,0.3,0.2, respectively.

Ring n = 2,s = 1 n = 3,s = 0.6 n = 4,s = 0.3 n = 5,s = 0.2
Q[x1, . . . ,xn] 94.6 / 97.9 96.1 / 98.6 96.2 / 98.6 91.8 / 97.9
F7[x1, . . . ,xn] 66.6 / 76.6 78.8 / 87.6 80.9 / 91.1 83.2 / 91.4
F31[x1, . . . ,xn] 44.7 / 82.7 58.5 / 89.3 73.9 / 93.9 80.0 / 93.4

k 2 {Q,R} than finite field ones k = Fp. This may be a counter-intuitive observation because there are
more possible coefficients in G and F for Q than Fp. Specifically, for G, the coefficient a/b 2 Q is
restricted to those with a,b 2 {�5, . . . ,5} (i.e., roughly 50 choices), and a,b 2 {�100, . . . ,100} (i.e.,
roughly 20,000 choices) for F . In contrast, there are only p choices for Fp. The performance even
degrades for the larger order p = 31. Interestingly, the support accuracy shows that the terms forming
the polynomial (i.e., the support of polynomial) are correctly identified well. Thus, Transformers have
difficulty determining the coefficients in finite fields. Several studies have also reported that learning to
solve a problem involving modular arithmetic may encounter some difficulties [7, 14, 23].

4 Conclusion

This study proposed the first learning approach to a fundamental algebraic task, the Gröbner basis
computation. While various recent studies have reported the learnability of mathematical problems by
Transformers, we addressed the first problem with nontriviality in the dataset generation. Ultimately,
the learning approach may be useful to address large-scale problems that cannot be approached by
Gröbner basis computation algorithms because of their computational complexity. Transformers can
output predictions in moderate runtime. The outputs may be incorrect, but there is a chance of obtaining a
hint of a solution, as shown in our experiments. We believe that our study reveals many interesting open
questions to achieve Gröbner basis computation learning.
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๏ Algorithm + learning-based oracle

Case study #1[Kera-Pelleriti+’25] 
Computational Algebra with Attention: Transformer Oracles for Border Basis Algorithms

๏ Utility of weak learners

Case study #2[Wenger+’22] 
SALSA: Attacking Lattice Cryptography with Transformers

๏ Classification to initial systems (not generation of them)

Case study #3[Hruby+’22] 
Learning to Solve Hard Minimal Problems

๏ Learning techniques of arithmetic tasks

๏ Monomial-level embedding

๏ Autoregressive generation is powerful given adequate task decomposition. 
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Computational Algebra with Attention: 
Transformer Oracles for Border Basis Algorithms

Hiroshi Kera*, Nico Pelleriti*, Yuki Ishihara, Max Zimmer, Sebastian Pokutta

NeurIPS 2025

Case Study #1
Symbolic Algorithm x Transformer Oracle
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Border bases[Kehrein-Kreuzer-Robbiano’05]
<latexit sha1_base64="4ndx3Qahy/mQ726+vXfLtYyf9Kw="></latexit>

K[X] := K[x1, . . . , xn]Polynomial ring

Set of all terms
<latexit sha1_base64="dsWTOSfkM0W+Za2yanQ+7x6IKJQ="></latexit>

T[X]

Order ideal: a set of terms                  such that:  
<latexit sha1_base64="jGW0sZMZxHKfWhAgQu1UWDLzXYU="></latexit>

O → T[X]

    -border basis: a set of polynomials of the form
<latexit sha1_base64="UHM9ddRGqx/uNyQ06RhIDBZKqlo="></latexit>

O

<latexit sha1_base64="sCosR4gb35KS01fiJOSZoznUjZ0="></latexit>

G =
{
b→

∑
t→O

cb,tt | b ↑ ωO
}

and 
<latexit sha1_base64="uP+OB3eedxVpNGc9yfzKbdR75HY="></latexit>

K[X] = hGi � hOiK

Border of     : a set of terms 
<latexit sha1_base64="UHM9ddRGqx/uNyQ06RhIDBZKqlo="></latexit>

O

<latexit sha1_base64="vUBeM0GzyAnXs9hWE5QDbkwhGYQ="></latexit>

ωO =
(⋃

i
xiO

)
\ O

x2y
<latexit sha1_base64="og0+mdC4/oWcDkZNfMeRFoUY9Pc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2m3bp7ibsbsQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn97iNVmkXy3qQx9QUeSxYygk0uPT000mG15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCa/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0mnUffcund3UWteF3GU4QRO4Rw8uIQm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfpA44j</latexit><latexit sha1_base64="og0+mdC4/oWcDkZNfMeRFoUY9Pc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2m3bp7ibsbsQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn97iNVmkXy3qQx9QUeSxYygk0uPT000mG15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCa/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0mnUffcund3UWteF3GU4QRO4Rw8uIQm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfpA44j</latexit><latexit sha1_base64="og0+mdC4/oWcDkZNfMeRFoUY9Pc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2m3bp7ibsbsQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn97iNVmkXy3qQx9QUeSxYygk0uPT000mG15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCa/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0mnUffcund3UWteF3GU4QRO4Rw8uIQm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfpA44j</latexit><latexit sha1_base64="og0+mdC4/oWcDkZNfMeRFoUY9Pc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2m3bp7ibsbsQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn97iNVmkXy3qQx9QUeSxYygk0uPT000mG15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCa/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0mnUffcund3UWteF3GU4QRO4Rw8uIQm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfpA44j</latexit>

1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x2
<latexit sha1_base64="7bo+a3jCxN2k474xOyTP+kVCpns=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXJtRKzucZxwP6IDJULBKFrp7umh2iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw0s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFc+teLfn5dpVHkcBjuEEzsCDC6jBDdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gALr42g</latexit><latexit sha1_base64="7bo+a3jCxN2k474xOyTP+kVCpns=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXJtRKzucZxwP6IDJULBKFrp7umh2iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw0s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFc+teLfn5dpVHkcBjuEEzsCDC6jBDdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gALr42g</latexit><latexit sha1_base64="7bo+a3jCxN2k474xOyTP+kVCpns=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXJtRKzucZxwP6IDJULBKFrp7umh2iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw0s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFc+teLfn5dpVHkcBjuEEzsCDC6jBDdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gALr42g</latexit><latexit sha1_base64="7bo+a3jCxN2k474xOyTP+kVCpns=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2ls120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR9dRvPXJtRKzucZxwP6IDJULBKFrp7umh2iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw0s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFc+teLfn5dpVHkcBjuEEzsCDC6jBDdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gALr42g</latexit>

y2
<latexit sha1_base64="/MbNkGsvBAZwzeIv2C85n6tGpmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0sWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0P3ms9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNY2h</latexit><latexit sha1_base64="/MbNkGsvBAZwzeIv2C85n6tGpmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0sWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0P3ms9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNY2h</latexit><latexit sha1_base64="/MbNkGsvBAZwzeIv2C85n6tGpmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0sWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0P3ms9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNY2h</latexit><latexit sha1_base64="/MbNkGsvBAZwzeIv2C85n6tGpmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0sWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0P3ms9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNY2h</latexit>

xy
<latexit sha1_base64="sca/kVd5jRoTuPE2wXCWxJv1/DY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthbaUDbbTbt0swm7EzGE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG11P/4ZFrI2J1j1nC/YgOlQgFo2ilu6esX625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5ybo51SjYJJPKr3U8ISyMR3yrqWKRtz4+ezSCTmxyoCEsbalkMzU3xM5jYzJosB2RhRHZtGbiv953RTDSz8XKkmRKzZfFKaSYEymb5OB0JyhzCyhTAt7K2EjqilDG07FhuAtvrxM2md1z617t+e1xlURRxmO4BhOwYMLaMANNKEFDEJ4hld4c8bOi/PufMxbS04xcwh/4Hz+AMMIjX8=</latexit><latexit sha1_base64="sca/kVd5jRoTuPE2wXCWxJv1/DY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthbaUDbbTbt0swm7EzGE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG11P/4ZFrI2J1j1nC/YgOlQgFo2ilu6esX625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5ybo51SjYJJPKr3U8ISyMR3yrqWKRtz4+ezSCTmxyoCEsbalkMzU3xM5jYzJosB2RhRHZtGbiv953RTDSz8XKkmRKzZfFKaSYEymb5OB0JyhzCyhTAt7K2EjqilDG07FhuAtvrxM2md1z617t+e1xlURRxmO4BhOwYMLaMANNKEFDEJ4hld4c8bOi/PufMxbS04xcwh/4Hz+AMMIjX8=</latexit><latexit sha1_base64="sca/kVd5jRoTuPE2wXCWxJv1/DY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthbaUDbbTbt0swm7EzGE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG11P/4ZFrI2J1j1nC/YgOlQgFo2ilu6esX625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5ybo51SjYJJPKr3U8ISyMR3yrqWKRtz4+ezSCTmxyoCEsbalkMzU3xM5jYzJosB2RhRHZtGbiv953RTDSz8XKkmRKzZfFKaSYEymb5OB0JyhzCyhTAt7K2EjqilDG07FhuAtvrxM2md1z617t+e1xlURRxmO4BhOwYMLaMANNKEFDEJ4hld4c8bOi/PufMxbS04xcwh/4Hz+AMMIjX8=</latexit><latexit sha1_base64="sca/kVd5jRoTuPE2wXCWxJv1/DY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthbaUDbbTbt0swm7EzGE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG11P/4ZFrI2J1j1nC/YgOlQgFo2ilu6esX625dXcGsky8gtSgQLNf/eoNYpZGXCGT1Jiu5ybo51SjYJJPKr3U8ISyMR3yrqWKRtz4+ezSCTmxyoCEsbalkMzU3xM5jYzJosB2RhRHZtGbiv953RTDSz8XKkmRKzZfFKaSYEymb5OB0JyhzCyhTAt7K2EjqilDG07FhuAtvrxM2md1z617t+e1xlURRxmO4BhOwYMLaMANNKEFDEJ4hld4c8bOi/PufMxbS04xcwh/4Hz+AMMIjX8=</latexit>

xy2
<latexit sha1_base64="PCecplU9BZCs4bWNRH9EQ43yl9Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2m3bp7ibsbsQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn97iNVmkXy3qQx9QUeSxYygk0uPaUPjWG15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCa/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0mnUffcund3UWteF3GU4QRO4Rw8uIQm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfpZY4j</latexit><latexit sha1_base64="PCecplU9BZCs4bWNRH9EQ43yl9Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2m3bp7ibsbsQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn97iNVmkXy3qQx9QUeSxYygk0uPaUPjWG15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCa/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0mnUffcund3UWteF3GU4QRO4Rw8uIQm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfpZY4j</latexit><latexit sha1_base64="PCecplU9BZCs4bWNRH9EQ43yl9Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2m3bp7ibsbsQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn97iNVmkXy3qQx9QUeSxYygk0uPaUPjWG15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCa/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0mnUffcund3UWteF3GU4QRO4Rw8uIQm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfpZY4j</latexit><latexit sha1_base64="PCecplU9BZCs4bWNRH9EQ43yl9Q=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2m3bp7ibsbsQQ+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcn97iNVmkXy3qQx9QUeSxYygk0uPaUPjWG15tbdOdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/DyjDC6awySDSNMZniMe1bKrGg2s/mt87QmVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCa/8jMk4MVSSxaIw4chEKH8cjZiixPDUEkwUs7ciMsEKE2PjqdgQvOWXV0mnUffcund3UWteF3GU4QRO4Rw8uIQm3EIL2kBgAs/wCm+OcF6cd+dj0Vpyiplj+APn8wfpZY4j</latexit>

x3
<latexit sha1_base64="CUAPDB2gg4gDHXJXwDRbUQZDlOc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjRfkAby2Y7aZduNmF3I5bQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lvRgn6Ee1LHnJGjZXunh7OuqWyW3GnIIvEy0kZctS6pa9OL2ZphNIwQbVue25i/Iwqw5nAcbGTakwoG9I+ti2VNELtZ9NTx+TYKj0SxsqWNGSq/p7IaKT1KApsZ0TNQM97E/E/r52a8NLPuExSg5LNFoWpICYmk79JjytkRowsoUxxeythA6ooMzadog3Bm395kTROK55b8W7Py9WrPI4CHMIRnIAHF1CFG6hBHRj04Rle4c0Rzovz7nzMWpecfOYA/sD5/AENM42h</latexit><latexit sha1_base64="CUAPDB2gg4gDHXJXwDRbUQZDlOc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjRfkAby2Y7aZduNmF3I5bQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lvRgn6Ee1LHnJGjZXunh7OuqWyW3GnIIvEy0kZctS6pa9OL2ZphNIwQbVue25i/Iwqw5nAcbGTakwoG9I+ti2VNELtZ9NTx+TYKj0SxsqWNGSq/p7IaKT1KApsZ0TNQM97E/E/r52a8NLPuExSg5LNFoWpICYmk79JjytkRowsoUxxeythA6ooMzadog3Bm395kTROK55b8W7Py9WrPI4CHMIRnIAHF1CFG6hBHRj04Rle4c0Rzovz7nzMWpecfOYA/sD5/AENM42h</latexit><latexit sha1_base64="CUAPDB2gg4gDHXJXwDRbUQZDlOc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjRfkAby2Y7aZduNmF3I5bQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lvRgn6Ee1LHnJGjZXunh7OuqWyW3GnIIvEy0kZctS6pa9OL2ZphNIwQbVue25i/Iwqw5nAcbGTakwoG9I+ti2VNELtZ9NTx+TYKj0SxsqWNGSq/p7IaKT1KApsZ0TNQM97E/E/r52a8NLPuExSg5LNFoWpICYmk79JjytkRowsoUxxeythA6ooMzadog3Bm395kTROK55b8W7Py9WrPI4CHMIRnIAHF1CFG6hBHRj04Rle4c0Rzovz7nzMWpecfOYA/sD5/AENM42h</latexit><latexit sha1_base64="CUAPDB2gg4gDHXJXwDRbUQZDlOc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjRfkAby2Y7aZduNmF3I5bQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lvRgn6Ee1LHnJGjZXunh7OuqWyW3GnIIvEy0kZctS6pa9OL2ZphNIwQbVue25i/Iwqw5nAcbGTakwoG9I+ti2VNELtZ9NTx+TYKj0SxsqWNGSq/p7IaKT1KApsZ0TNQM97E/E/r52a8NLPuExSg5LNFoWpICYmk79JjytkRowsoUxxeythA6ooMzadog3Bm395kTROK55b8W7Py9WrPI4CHMIRnIAHF1CFG6hBHRj04Rle4c0Rzovz7nzMWpecfOYA/sD5/AENM42h</latexit>

Border

Order  
ideal

Border order terms 

๏ A generalization of Gröbner bases of 0-dim ideals.

<latexit sha1_base64="upymOADCaqVsXd6szvgepZeVPhw="></latexit>

→t ↑ O, (all divisors of t) ↓ O



Oracle Border Basis Algorithm 

12

Expand the vector space to                                             
<latexit sha1_base64="SsSOMukG1WFOwp+8hcdyuBYdbHg="></latexit>

→V ↑ x1V ↑ · · · ↑ xnV ↓K ↔ →Ld↓K

: basis of the vector space            
<latexit sha1_base64="JzpbYaqSYag3w8rnmx47xq59NHk="></latexit>

V = {v1, . . . , vs}
: set of terms up to degree-d

<latexit sha1_base64="/hR9EjssGfD+sOO16Z31jBD64C8="></latexit>

V

๏ (Otherwise) → Terminate or enlarge       to           and expand again.

<latexit sha1_base64="lOu04iemJlWP6Hh6dlrHLCH9x3g="></latexit>

Ld = T[X]→d

<latexit sha1_base64="JPzf7oEIBauaSr02NhTTu/CkGx4="></latexit>

Ld+1

 Border basis algorithm (sketch) [Kehrein & Kreuzer’06] 

<latexit sha1_base64="7c8cnxWzyAtioaLxHbCJPKrTD60="></latexit>

→V ↑K ↓ →Ld↑K

๏ (Need basis extension)  →  Extend     and expand again.
<latexit sha1_base64="4xO0Hc1NsJquP8OF4duqxR9EBsQ="></latexit>

Ld



Oracle Border Basis Algorithm 

12

The full expansion leads to many wastful Gaussian elimination!
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Ld+1

 Border basis algorithm (sketch) [Kehrein & Kreuzer’06] 

<latexit sha1_base64="7c8cnxWzyAtioaLxHbCJPKrTD60="></latexit>

→V ↑K ↓ →Ld↑K

๏ (Need basis extension)  →  Extend     and expand again.
<latexit sha1_base64="4xO0Hc1NsJquP8OF4duqxR9EBsQ="></latexit>

Ld



Oracle Border Basis Algorithm 

 Oracle 

(suggesting expansion pairs)

*Inaccurate prediction can be resolved by ocational full expansion as a fallback.

<latexit sha1_base64="7HxzpadhK2KqXLVM7OKWM616XhM="></latexit>

Oracle(V, Ld) = {(xj , vk)} → X ↑ V

12

The full expansion leads to many wastful Gaussian elimination!

Expand the vector space to                                             
<latexit sha1_base64="SsSOMukG1WFOwp+8hcdyuBYdbHg="></latexit>
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V = {v1, . . . , vs}
: set of terms up to degree-d

<latexit sha1_base64="/hR9EjssGfD+sOO16Z31jBD64C8="></latexit>

V

๏ (Otherwise) → Terminate or enlarge       to           and expand again.
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Ld = T[X]→d

<latexit sha1_base64="JPzf7oEIBauaSr02NhTTu/CkGx4="></latexit>

Ld+1

 Border basis algorithm (sketch) [Kehrein & Kreuzer’06] 

<latexit sha1_base64="7c8cnxWzyAtioaLxHbCJPKrTD60="></latexit>

→V ↑K ↓ →Ld↑K

๏ (Need basis extension)  →  Extend     and expand again.
<latexit sha1_base64="4xO0Hc1NsJquP8OF4duqxR9EBsQ="></latexit>

Ld



Observation: An oracle with truncation of              to   -leading terms works well: Table 1: Evaluation results of Transformer predictions over polynomial ring F31[x1, . . . , xn]. Trans-
former successfully learns the expansion directions. The input polynomials are truncated to their
first l leading terms. The No Expansion Accuracy column shows that the Transformer model can
determinate the termination with high accuracy. Refer to Table 4 for the complete version.

Field Variables l Precision (%) Recall (%) F1 Score (%) No Expansion Acc.
(%)

F31

1 84.4 86.8 85.6 99.7
n = 3 3 89.4 90.0 89.7 99.7

5 91.6 93.2 92.4 99.7
1 90.7 91.6 91.1 98.8

n = 4 3 92.9 93.7 93.3 98.8
5 94.2 94.7 94.4 98.8
1 92.7 93.1 92.9 99.6

n = 5 3 94.3 94.6 94.4 99.6
5 94.8 95.3 95.1 99.6

Table 2: Wall-clock runtime in seconds (mean ± standard deviation over 100 random zero-
dimensional systems of total degree → 4) for five algorithms over polynomial ring F31[x1, . . . , xn]

and variable counts n = 3, 4, 5 variables. BBA is the classical border basis algorithm; IBB is the
incremental BBA baseline; OBBA is our oracle-augmented BBA, reducing runtime by about 3↑
versus IBB. IBB+FGE and OBBA+FGE add fast Gaussian elimination (FGE), an orthogonal linear
algebra speedup; OBBA+FGE is the fastest, reaching up to two orders of magnitude improvement
over IBB. A 3.5↑ speedup in terms of unneccessary expansions is shown in the appendix in Table 5.

Baseline Ours

Field n BBA IBBA OBBA IBBA+FGE OBBA+FGE

F31

3 0.07 ± 0.11 0.06 ± 0.09 0.06 ± 0.08 0.03 ± 0.03 0.03 ± 0.03
4 0.46 ± 0.43 0.35 ± 0.25 0.22 ± 0.13 0.09 ± 0.05 0.09 ± 0.05
5 11.44 ± 8.25 7.60 ± 5.13 2.58 ± 1.37 0.88 ± 0.49 0.60 ± 0.32

across all (n, p, k) settings. Notably, it achieves near-perfect accuracy in the No Expansion case,309

reliably identifying termination and avoiding at least the final unnecessary expansion step. Overall,310

the performance improves with larger n and p, likely due to the higher success rate of the ideal-311

invariant generator transform (as suggested by Corollary C.11 and Figure 5). It is also noteworthy312

that truncation to the l leading terms has only a minor effect on predictive performance, despite313

significantly reducing input size (cf. Figure 7).314

5.3 Transformer oracle315

We now demonstrate that integrating the Transformer accelerates the improved border basis algorithm.316

We also evaluate the Transformer oracle’s out-of-distribution performance on higher-degree systems,317

which are more challenging to predict.318

5.3.1 In-distribution performance319

We assess the Transformer oracle’s in-distribution performance, i.e., the performance on systems320

drawn from the same distribution as the training data.321

Setup. We compare five algorithmic variants: the classical BBA, the Improved Border Basis322

Algorithm (IBBA), IBBA with fast Gaussian elimination (IBBA+FGE), and the oracle-guided323

versions OBBA and OBBA+FGE. For oracle-augmented variants, the oracle is called at most five324

times, consistent with our training on the final five expansions. We invoke the oracle at ratios of325

0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 0.975 of the relative border gap |V|

|L|
.326

Results. Table 2 shows that the oracle-guided border basis algorithm achieves up to a 3↑ speedup327

over the state-of-the-art IBBA for systems with five variables, with smaller gains for three and four328

variables. Notably, none of the oracle-guided variants required reverting to standard iterations, indi-329

8

Each polynomial is truncated to its first    leading terms
<latexit sha1_base64="boaeVOndSMOf8Diihg83IR1PU5I="></latexit>

l

Impact of  
is moderate

<latexit sha1_base64="boaeVOndSMOf8Diihg83IR1PU5I="></latexit>

l

Near-perfect prediction on termination 

<latexit sha1_base64="AtNQYtLm7itjzGSgt6gSk926/cY="></latexit>

l
<latexit sha1_base64="qQ1yT2Fn/ik4CtUlVb4lCfoGvmw="></latexit>

vk → V

๏ Restrictions to a few leading terms make the oracle generalizable to “longer” polynomials.

13



Monomial embedding

14

<latexit sha1_base64="EVU2r7bb/e7mVD7QKd0oHWsy9Jo="></latexit>

{x2 + y, 2y} → [C1, E2, E0, +, C1, E0, E1, |, C2, E0, E1]



Monomial embedding

14

<latexit sha1_base64="EVU2r7bb/e7mVD7QKd0oHWsy9Jo="></latexit>

{x2 + y, 2y} → [C1, E2, E0, +, C1, E0, E1, |, C2, E0, E1]

Standard input embedding
<latexit sha1_base64="kCEKkkxjjTPM/FnqeReyn44Lm9U="></latexit>

vC0, vE2, vE0 → Rd



Monomial embedding

14

<latexit sha1_base64="EVU2r7bb/e7mVD7QKd0oHWsy9Jo="></latexit>

{x2 + y, 2y} → [C1, E2, E0, +, C1, E0, E1, |, C2, E0, E1]

Monomial embedding
<latexit sha1_base64="jIko3tEowPtrLyK3rVX9GgIlZEc="></latexit>

vx2 := (vC0, vE2, vE0)/3

Standard input embedding
<latexit sha1_base64="kCEKkkxjjTPM/FnqeReyn44Lm9U="></latexit>

vC0, vE2, vE0 → Rd



Monomial embedding

14

<latexit sha1_base64="EVU2r7bb/e7mVD7QKd0oHWsy9Jo="></latexit>

{x2 + y, 2y} → [C1, E2, E0, +, C1, E0, E1, |, C2, E0, E1]

Monomial embedding
<latexit sha1_base64="jIko3tEowPtrLyK3rVX9GgIlZEc="></latexit>

vx2 := (vC0, vE2, vE0)/3

Standard input embedding
<latexit sha1_base64="kCEKkkxjjTPM/FnqeReyn44Lm9U="></latexit>

vC0, vE2, vE0 → Rd

<latexit sha1_base64="0IW7sV7rBkaYaIy+ARH9Fj4/1Og="></latexit>

# Variables Method Success rate (%) GPU memory (MB)

n = 2
standard 33.9 4,302
monomial 39.7 1,678

n = 3
standard 37.5 11,296
monomial 44.6 2,408

n = 4
standard 38.8 23,632
monomial 47.3 3,260

n = 5
standard 22.0 27,442
monomial 53.7 3,424

Higher succes rate & memory efficiency (reduced by           )
<latexit sha1_base64="6SZH9kjnfn/SVNieUJhvNzFu+io="></latexit>

O(n2)

Benchmark for learning cummulative polynomial product over 
<latexit sha1_base64="U35Quw9g/dv77bKRKd5lRcefpag="></latexit>

Fp(X)



Takeaway

๏ Certified the correctness, empirical accelaration.

15

Algorithm + learning-based oracle (with fallback)

๏ Heuristics for learning-based oracle.
Truncation to leading terms

๏ Prior knowledge on tokenization & embedding improves training & learning efficiency. 
๏ More aggresive verision by [Malhou+’26]

Monomial embedding
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SALSA:  
Attacking Lattice Cryptography with Transformers

Emily Wenger, Mingjie Chen, François Charton, Kristin Lauter

NeurIPS 2022

Case Study #2
Utility of Weak Learners



Secret key recovery through behavioral analysis of a weak learner

17

SALSA
 Approach 

Learning with Error (LWE): given samples                 , recover the secret             from
<latexit sha1_base64="X2iwSH6Kw2cUtSpbm9mb9nL6kPo="></latexit>

{(ai, bi)}i
<latexit sha1_base64="OYHVO6dK3kLmcUfR/SnRDOxOmV8="></latexit>

s → Zn
q

๏ The noise      makes the recovery very hard.

<latexit sha1_base64="wGjLKhad2kfIYJ7adY9ngjLsTtQ="></latexit>s

<latexit sha1_base64="LKsAF1/zEjPWc29PUg4shuHzQAk="></latexit>ωi

<latexit sha1_base64="8L942RJM7UQg6XwN23b63a3XgIs="></latexit>

bi = ai · s+ ωi mod q, ai uniform in Zn
q , ωi small noise
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๏ The noise      makes the recovery very hard.

<latexit sha1_base64="wGjLKhad2kfIYJ7adY9ngjLsTtQ="></latexit>s

<latexit sha1_base64="LKsAF1/zEjPWc29PUg4shuHzQAk="></latexit>ωi

<latexit sha1_base64="8L942RJM7UQg6XwN23b63a3XgIs="></latexit>

bi = ai · s+ ωi mod q, ai uniform in Zn
q , ωi small noise

The SALSA attack trains a weak model                     with                   (with a fixed, unknown   )
 SALSA attack 

<latexit sha1_base64="557USRSOiGpGLTZZfL7fH6NUMCQ="></latexit>

M : a →↑ b
<latexit sha1_base64="X2iwSH6Kw2cUtSpbm9mb9nL6kPo="></latexit>

{(ai, bi)}i

For a large           , we should have                                               . 
<latexit sha1_base64="SzLsHJzm1/QjRls/brYkWSIkDXQ="></latexit>

K > 0
<latexit sha1_base64="zwRcjRtiMxyROt5KQeuufWQJEz8="></latexit>

b = (Kei) · s+ ω = Ksi + ω

If                 is consistently small for several    s, then maybe            .
<latexit sha1_base64="LdAx6ROP5jnJ4YtUeE4dMNxbJkM="></latexit>

M(Kei)
<latexit sha1_base64="1wcxn+kHBhgU2hkl33ywEk77v4w="></latexit>

K
<latexit sha1_base64="2WHgBE+xxKIhMOE3lBf7x001/ww="></latexit>

si = 0



Learning modular addition

18

Learning the parity function is hard[Shalev-Shwartz+’17, Hahn+’24].
<latexit sha1_base64="RCGuynfBMK2Wyjb5ju0s+8PALlc="></latexit>

[x1, . . . , xN ] → {0, . . . , q ↑ 1}N ↓↔
(∑N

i=1
xi

)
mod q



Learning modular addition

18

Learning the parity function is hard[Shalev-Shwartz+’17, Hahn+’24].
<latexit sha1_base64="RCGuynfBMK2Wyjb5ju0s+8PALlc="></latexit>

[x1, . . . , xN ] → {0, . . . , q ↑ 1}N ↓↔
(∑N

i=1
xi

)
mod q

 [Saxena+’25]* 
Train on instances with many 0s!

Ac
cu

ra
cy

Training steps

๏ Distirubutional gap between train/test sets.

Test on instances 
<latexit sha1_base64="b1ox+hZL72RyLLUk9+8CC8I7l/M="></latexit>

x → U[0, q ↑ 1]N
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<latexit sha1_base64="b1ox+hZL72RyLLUk9+8CC8I7l/M="></latexit>

x → U[0, q ↑ 1]N

 [Kikuchi+’26.] 
Train with additional modulo                         !

N=16 N=32

Ac
cu

ra
cy

Model configurations

Ours Saxena+’25

<latexit sha1_base64="3XPYfEiS/oxG9IXyzRSoPJp75pU="></latexit>

Kq, (K > 1)

๏ No gap; learning better with 1/10 training samples.



Autoregressive Generation
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 [Kim & Suzuki’25]

0  1  0  0  1 0  1  1  0  1 

<latexit sha1_base64="8ou0LMs9nunooQfKs74zlpLTDyY="></latexit>

[x1, . . . , xN ] →↑ [y1, . . . , yN ] with yk =

(∑k

i=1
xi

)
mod 2

Given Predicted Next

๏ Learning of the parity (by gradient descent) is theoretically hard[Shalev-Shwartz+’17, Hahn+’24]. 
๏ Learning with autoregressive generation makes it easy[Kim & Suzuki’25].



Autoregressive Generation in Order

20

Autoregressive generation of an integer product (digit-wise)[Shen+’23]

3　1　4   x 　1　5　9　 =   1　6　2　9　6　6



(a) most-to-least significant digits
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Autoregressive Generation in Order
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Autoregressive generation of an integer product (digit-wise)[Shen+’23]

(b) least-to-most significant digits

Reverse order works better
3　1　4   x 　1　5　9　 =   1　6　2　9　6　6



(a) most-to-least significant digits

Autoregressive Generation in Order

20

Autoregressive generation of an integer product (digit-wise)[Shen+’23]

(b) least-to-most significant digits

Reverse order works better

๏ Learning to predict in a good ordering is important.  
๏ [Sato+’25] proposes an exploration method of learning-friendly order.

3　1　4   x 　1　5　9　 =   1　6　2　9　6　6



5  9  1  2　+　2  4  6  1     =     8  3  7  3

Correspondence Injection

21

Injecting correspondence leads to strong length-generalization.

Integer addition task
Input Target

4  3  2  1 Injecting correspondence 
between digits

 [McLeish+’24] 

4  3  2  1 4  3  2  1



5  9  1  2　+　2  4  6  1     =     8  3  7  3

Correspondence Injection

21

Injecting correspondence leads to strong length-generalization.

Integer addition task
Input Target

4  3  2  1 Injecting correspondence 
between digits

 [McLeish+’24] 

w/ Correspondence
Training instances 
up to 20 digits

Test instances  
up to 100 digits

w/o Correspondence

4  3  2  1 4  3  2  1



Takeaway

๏ Under-trained models can still be useful!

22

SALSA

๏ Hard task; several interesting, empirical learning tricks are known.
Modular arithmetic

๏ Make hard tasks easier to learn; good task breakdown and orders are important
Auto-regressive generation

๏ Trade-off between prediction accuracy and training cost
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Learning to Solve Hard Minimal Problems

Petr Hruby, Timothy Duff, Anton Leykin, Tomas Pajdla

CVPR 2022

Case Study #3
Reduction to Classification, not Generation
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Four-points-in-three-views problem

Input: 4 corresponding image points
<latexit sha1_base64="6jdFB11nB40R1VluK/OEGukt/wQ="></latexit>

{(vk,1,vk,2,vk,3)}4k=1

Output: Relative camera positions from Cam. 1
<latexit sha1_base64="oxySnLKs2KcxCk1vkmGm3AUpT5g="></latexit>

(R2, t2), (R3, t3) (rotations and translations)

(from 3 camera views)

Task: Solving polynomial systems induced from geometric constraints.



Homotopy continuation: computation of the roots of a polynomial system
<latexit sha1_base64="fPeTpYl7UAfV5klxL2qrJRLgWFY="></latexit>

F (x) = 0

25

Homotopy continuation

<latexit sha1_base64="sebb+ioFFWz36XizQrWUkhOjsFQ="></latexit>

H(x, t) = (1→ t)G(x) + tF (x)
A system with known roots

๏ Tracking the roots of              by changing                   .
<latexit sha1_base64="tdalOG8Nf1l4gWEaF2Jb2OyiXKE="></latexit>

H(x, t)
<latexit sha1_base64="J2yTn1NQyfrfieSuhy9rgYCVdbk="></latexit>

t = 0 → 1



Homotopy continuation: computation of the roots of a polynomial system
<latexit sha1_base64="fPeTpYl7UAfV5klxL2qrJRLgWFY="></latexit>

F (x) = 0

25

Homotopy continuation

<latexit sha1_base64="sebb+ioFFWz36XizQrWUkhOjsFQ="></latexit>

H(x, t) = (1→ t)G(x) + tF (x)
A system with known roots

๏ Tracking the roots of              by changing                   .
<latexit sha1_base64="tdalOG8Nf1l4gWEaF2Jb2OyiXKE="></latexit>

H(x, t)
<latexit sha1_base64="J2yTn1NQyfrfieSuhy9rgYCVdbk="></latexit>

t = 0 → 1

The key is choosing a good start system avoiding singularities along the homotopy path.
 Approach by [Hruby’22] 
Homotopy continuation with a start-system classifier 



Figure 5. Illustration of generating anchors. A minimal sample of cameras and points is sampled from an existing 3D model. Then, the
sampled geometry is converted to the problem-solution pairs. A graph is built whose nodes are the sampled problem-solution pairs. HC
is tracked from every p-s pair to every other p-s pair. If the obtained solution is equal to the sampled solution, the p-s pairs are connected
with an edge. The selected anchors are a vertex cover of the graph obtained with a greedy algorithm.

Supplementary Material
Here we give additional details, including an analysis of the 5pt and Scranton minimal problem solutions, details of our
efficient homotopy continuation implementation, and experiments justifying our engineering choices. Our code is available
at https://github.com/petrhruby97/learning minimal

11. A classical example of a minimal problem
A classical, easy, but still essential, minimal problem in computer vision is computing the pose of a calibrated perspective

camera [28] from three points in space and their image projections [25,26,32,41,51]. In one of its classical formulations [25],
it leads to a polynomial system of three equations

��X1 −X2��2 = ���1u1 − �2u2��2��X2 −X3��2 = ���2u2 − �3u3��2��X3 −X1��2 = ���3u3 − �1u1��2
of degree two in three unknown depths �1,�2,�3. Parameters of the problem are three 3D points Xi ∈ R3 and homogeneous
coordinates ui ∈ R2 of three image projections, altogether on 3 × 3 + 3 × 2 = 15 parameters. For generic data, the system has
eight complex solutions for �’s with up to eight real solutions [22]. However, often, there are only zero, two, or four real
solutions with positive �’s.

This example illustrates a typical situation occurring in minimal problem solving. The minimal problem obtained by
relaxing a geometrical optimization problem, which has one optimal solution, brings in seven additional (spurious) solutions.
In this case, there are always at least two real solutions corresponding to seeing the three points from the opposite sides of
the plain they span.

12. Interesting hard minimal problems
Recent results [15, 16] suggest that solving minimal problems with many complex solutions is interesting. A complete

classification of minimal problems for points, lines, and their incidences in the calibrated multi-view geometry appeared for
the case of complete multi-view visibility [15]. It has been found that there are only 30 minimal problems in that setting, but
it also became clear that problems involving more than two cameras are hard for the current symbolic-numeric and homotopy
continuation solvers. The number of solutions for three views starts with 64, interesting cases have 200+ solutions, and 5-
view cases have 10000+ solutions. Allowing for occlusion or missed detection in images leads to even harder problems. The
follow-up work [16] developed a complete classification of minimal problems for generic arrangements of points and lines in
space, observed partially by three calibrated perspective cameras when each line is incident to at most one point. It has been
found that there is an infinite number of such minimal problems arranged into 74575 equivalence classes when caring only
about camera configurations. Interestingly, this classification involves all calibrated trifocal geometry of computer vision for
nonincident points and lines in space. Out of 74575 classes, only 759 classes have less than 300 solutions. The rest have
(many) more solutions. Thus, for many interesting and potentially practical problems, computing all solutions in a reasonable
time is a task beyond the reach of current symbolic-numeric and homotopy continuation solving methods.

15

26
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๏ Step 1: Correct anchors, our start systems, through sampling and selection.
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A 3D dataset offers polynomial systems with solutions

๏ Step 1: Correct anchors, our start systems, through sampling and selection.
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A 3D dataset offers polynomial systems with solutions

Remove redundancy based on HC connectivity → collecting anchor systems

๏ Step 1: Correct anchors, our start systems, through sampling and selection.
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A 3D dataset offers polynomial systems with solutions

Remove redundancy based on HC connectivity → collecting anchor systems

๏ Step 1: Correct anchors, our start systems, through sampling and selection.

๏ Step 2: Sample new systems, and label each system by running HC from each anchor



Takeaway

๏ Classification is often easier, more stable, and generalizable than generation.

27

Reduction to Classification

๏ Limiting to four-points-in-three-views problem eases the OOD problem. 
๏ This was also the case with SALSA

Task Framing

*but, recall that direct parity computation (binary classification) is hard. 
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Summary and Open Problems

Closing
Where to start?



Summary
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๏ Algorithm + learning-based oracle

Case study #1[Kera-Pelleriti+’25] 
Computational Algebra with Attention: Transformer Oracles for Border Basis Algorithms

๏ Utility of weak learners

Case study #2[Wenger+’22] 
SALSA: Attacking Lattice Cryptography with Transformers

๏ Classification to initial systems (not generation of them) 
๏ Good task framing

Case study #3[Hruby+’22] 
Learning to Solve Hard Minimal Problems

๏ Learning techniques of arithmetic tasks

๏ Monomial-level embedding

๏ Autoregressive generation is powerful given good task decomposition. 



Open problems (SC)
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Open problems (SC)
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Sampling ideals and Gröbner bases

<latexit sha1_base64="fAWgGfsSASdogft53+MFRRlzmE8="></latexit>(
f1 · · · fs

)→
= A

(
g1 · · · gt

)→
Learning Gröbner basis computation needs many            instances

<latexit sha1_base64="3XTQdexieWFd4RYb9nhHgXvkRuA="></latexit>

(F,G)



Open problems (SC)
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๏ 0-dim cases: ✔ Ideals in shape position[Kera+’24] 
　　　　　　 ✔ Ideals of points[Kera-Pelleriti+’25]

Gröbner bases? — how to sample them?

๏ Positive-dimentional cases? 

Sampling ideals and Gröbner bases

<latexit sha1_base64="fAWgGfsSASdogft53+MFRRlzmE8="></latexit>(
f1 · · · fs

)→
= A

(
g1 · · · gt

)→
Learning Gröbner basis computation needs many            instances

<latexit sha1_base64="3XTQdexieWFd4RYb9nhHgXvkRuA="></latexit>

(F,G)



Open problems (SC)

30

๏ 0-dim cases: ✔ Ideals in shape position[Kera+’24] 
　　　　　　 ✔ Ideals of points[Kera-Pelleriti+’25]

Gröbner bases? — how to sample them?

๏ Positive-dimentional cases? 

What      keeps the ideal unchanged,                  ?
<latexit sha1_base64="G2t/p3tXWfg9rT/dsSgIW5ZPIBg="></latexit>

→F ↑ = →G↑
<latexit sha1_base64="SW8k5Xs4NB8aGBsQDa2WmbJ+7Ys="></latexit>

A

๏ “Generic                         from Bruhat decomp. works” 

[Kambe+’25]

<latexit sha1_base64="BuRI9IE4mD2JkVjbbOtxx6EU9mg="></latexit>

A → K[X]s→t

๏ “Generic                         with            works” 

[Kera-Pelleriti+’25]

<latexit sha1_base64="BuRI9IE4mD2JkVjbbOtxx6EU9mg="></latexit>

A → K[X]s→t <latexit sha1_base64="pQpkqmQ4Zwb2BV3LF47YvzvyUM8="></latexit>

s > n

Sampling ideals and Gröbner bases

<latexit sha1_base64="fAWgGfsSASdogft53+MFRRlzmE8="></latexit>(
f1 · · · fs

)→
= A

(
g1 · · · gt

)→
Learning Gröbner basis computation needs many            instances

<latexit sha1_base64="3XTQdexieWFd4RYb9nhHgXvkRuA="></latexit>

(F,G)



Open problems (SC)

30

Extending the tricks in learning arithmtic to symbolic tasks
๏ Good ordering for autoregressively generating Gröbner bases?  
๏ Informative correspondence between tokens to accelarate learning?

๏ 0-dim cases: ✔ Ideals in shape position[Kera+’24] 
　　　　　　 ✔ Ideals of points[Kera-Pelleriti+’25]

Gröbner bases? — how to sample them?

๏ Positive-dimentional cases? 

What      keeps the ideal unchanged,                  ?
<latexit sha1_base64="G2t/p3tXWfg9rT/dsSgIW5ZPIBg="></latexit>

→F ↑ = →G↑
<latexit sha1_base64="SW8k5Xs4NB8aGBsQDa2WmbJ+7Ys="></latexit>

A

๏ “Generic                         from Bruhat decomp. works” 

[Kambe+’25]

<latexit sha1_base64="BuRI9IE4mD2JkVjbbOtxx6EU9mg="></latexit>

A → K[X]s→t

๏ “Generic                         with            works” 

[Kera-Pelleriti+’25]

<latexit sha1_base64="BuRI9IE4mD2JkVjbbOtxx6EU9mg="></latexit>

A → K[X]s→t <latexit sha1_base64="pQpkqmQ4Zwb2BV3LF47YvzvyUM8="></latexit>

s > n

Sampling ideals and Gröbner bases

<latexit sha1_base64="fAWgGfsSASdogft53+MFRRlzmE8="></latexit>(
f1 · · · fs

)→
= A

(
g1 · · · gt

)→
Learning Gröbner basis computation needs many            instances

<latexit sha1_base64="3XTQdexieWFd4RYb9nhHgXvkRuA="></latexit>

(F,G)
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Learning functions with input-sensitivity — Unified learning methodology and theory?

Classify

Cat, Cat, Cat

Summary. 

Summarize

vs.

<latexit sha1_base64="KWgG7Oczzsau+XX4rLAqjGHj5iY="></latexit>⇢
f1 = x3 � 3x2 � y + 1
f2 = �x2 + y2 � 1

2

<latexit sha1_base64="1smR272hJwZ3U799X6Azs+CVTPQ="></latexit>8
<

:

g1 = x2 � y2 + 1
g2 = xy � x� y4 + 11y2 + 3y � 13
g3 = y5 + y4 � 11y3 � 17y2 + 9y + 17

6 2 7

6 10 4 10
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Learning functions with input-sensitivity — Unified learning methodology and theory?

Classify

Cat, Cat, Cat

Summary. 

Summarize

vs.

<latexit sha1_base64="KWgG7Oczzsau+XX4rLAqjGHj5iY="></latexit>⇢
f1 = x3 � 3x2 � y + 1
f2 = �x2 + y2 � 1

2

<latexit sha1_base64="1smR272hJwZ3U799X6Azs+CVTPQ="></latexit>8
<

:

g1 = x2 � y2 + 1
g2 = xy � x� y4 + 11y2 + 3y � 13
g3 = y5 + y4 � 11y3 � 17y2 + 9y + 17

6 2 7

6 10 4 10

End-to-end approach
๏ End-to-end learning is fishy; no certification of the output, weak OOD generalization  
๏ Yet, that is an advantage of Transformers, and speed-up in literature often drastic. 
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Algorithms with Predictions[Mitzenmacher and Vassilvitskii’20]

๏ AwP handles uncertanity of ML models into algorithm’s output quality (errors). 
๏ However, most symbolic algorithms doesn’t come with 1D smooth error metrics.

Learning functions with input-sensitivity — Unified learning methodology and theory?

Classify

Cat, Cat, Cat

Summary. 

Summarize

vs.

<latexit sha1_base64="KWgG7Oczzsau+XX4rLAqjGHj5iY="></latexit>⇢
f1 = x3 � 3x2 � y + 1
f2 = �x2 + y2 � 1

2

<latexit sha1_base64="1smR272hJwZ3U799X6Azs+CVTPQ="></latexit>8
<

:

g1 = x2 � y2 + 1
g2 = xy � x� y4 + 11y2 + 3y � 13
g3 = y5 + y4 � 11y3 � 17y2 + 9y + 17

6 2 7

6 10 4 10

End-to-end approach
๏ End-to-end learning is fishy; no certification of the output, weak OOD generalization  
๏ Yet, that is an advantage of Transformers, and speed-up in literature often drastic. 
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> pip install calt-x                    デモ

CALT: Computer Algebra with Transformers 
[Kera-Arakawa-Chamberlan-Bonaccorsi-Sato’25]

๏ conda-forge for installation 
๏ Codebase for experiment template and examples   
๏ Code Builder for your easy entry.

Training your Transformers for arithmetic and symbolic tasks 
with minimal coding.

https://colab.research.google.com/github/HiroshiKERA/calt/blob/main/notebooks/demo.ipynb#scrollTo=LyWVGBaVK06Z
https://github.com/HiroshiKERA/calt
https://github.com/HiroshiKERA/calt-codebase
https://qdaruma.github.io/CALTWebsite/


CALT Code Builder

33

1. Define or choose your task

2. Set up config files

https://qdaruma.github.io/CALTWebsite/


References
Further reading

SCML 2026 — Computational Algebra with Transformers
1 / 7



Case study 0 — Learning Gröbner basis computation
Kera, H., Ishihara, Y., Kambe, Y., Vaccon, T., and Yokoyama, K. Learning to Compute Gröbner Bases. NeurIPS, 2024.
End-to-end Gröbner learning; poses backward Gröbner basis generation and conversion problems.

1.

Kambe, Y., Maeda, Y., and Vaccon, T. Geometric Generality of Transformer-Based Gröbner Basis Computation. Contemporary

Mathematics 835 (arXiv:2504.12465), 2025.
Proves the backward-generated datasets are sufficiently general—a geometric foundation for learned GB.

2.

Malhou, M., Perret, L., and Lauter, K. HATSolver: Learning Gröbner Bases with Hierarchical Attention Transformers.
arXiv:2512.14722, 2025.
Scales to 13 variables, degree 11; true OOD generalization beyond backward-generated data left open.

3.

Lample, G., and Charton, F. Deep Learning for Symbolic Mathematics. ICLR, 2020.
Seq2seq integration and ODE solving with FWD/BWD/IBP data and cheap differentiation checks.

4.

Ishihara, Y., and Yokoyama, K. Efficient Dataset Generation for Bases of Zero-Dimensional Ideals. SCML, 2026.
Fast backward generation of (system, basis) pairs for Gröbner and border basis learning.

5.

Kambe, Y. Zariski-Dense Dataset Generation for Learning to Compute Gröbner Bases. SCML, 2026.
Training data that is Zariski-dense aims to underwrite OOD generalization for learned GB.

6.

SCML 2026 — Computational Algebra with Transformers
2 / 7



Case study 1 — Border bases and learned oracles
Kera, H., Pelleriti, N., Ishihara, Y., Zimmer, M., and Pokutta, S. Computational Algebra with Attention: Transformer Oracles for Border
Basis Algorithms. NeurIPS, 2025.
Oracle prunes BBA expansions with fallback; border-basis backward sampling and monomial embeddings.

7.

Kehrein, A., Kreuzer, M., and Robbiano, L. An Algebraist’s View on Border Bases. In Solving Polynomial Equations: Foundations,

Algorithms, and Applications, Springer, 2005.
Border bases: definitions, order ideals, and their numerical stability advantages.

8.

Kehrein, A., and Kreuzer, M. Computing Border Bases. J. Pure and Applied Algebra 205(2), 2006.
The border basis algorithm (BBA): expand, reduce, and check termination on order ideals.

9.

Pelleriti, N., Spiegel, C., Liu, S., Martínez-Rubio, D., Zimmer, M., and Pokutta, S. Neural Sum-of-Squares: Certifying the Nonnegativity of
Polynomials with Transformers. arXiv:2510.13444, 2025.
Predict SOS decompositions, then verify and round to exact positivity certificates.

10.

Peifer, D., Stillman, M., and Halpern-Leistner, D. Learning Selection Strategies in Buchberger’s Algorithm. ICML, 2020.
RL learns S-pair selection, cutting polynomial additions by 20–40% on ideal benchmarks.

11.

SCML 2026 — Computational Algebra with Transformers
3 / 7



Case study 2 — SALSA and arithmetic learning (1/2)
Wenger, E., Chen, M., Charton, F., and Lauter, K. SALSA: Attacking Lattice Cryptography with Transformers. NeurIPS, 2022.
First ML attack on LWE: a half-trained Transformer feeds statistical secret-recovery procedures.

12.

Li, C. Y., Sotáková, J., Wenger, E., Malhou, M., Garcelon, E., Charton, F., and Lauter, K. SALSA PICANTE: A Machine Learning Attack on
LWE with Binary Secrets. ACM CCS, 2023.
Scales SALSA to dimension n ≈ 350 with real-world-ish LWE parameters.

13.

Li, C. Y., Wenger, E., Allen-Zhu, Z., Charton, F., and Lauter, K. SALSA VERDE: A Machine Learning Attack on LWE with Sparse Small
Secrets. NeurIPS, 2023.
Extends SALSA to sparser, smaller secrets via improved preprocessing and training.

14.

Stevens, S., Wenger, E., Li, C. Y., Nolte, N., Saxena, E., Charton, F., and Lauter, K. SALSA FRESCA: Angular Embeddings and Pre-
training for ML Attacks on LWE. TMLR, 2025.
Angular embeddings and pre-training further scale lattice attacks on denser secrets.

15.

Shalev-Shwartz, S., Shamir, O., and Shammah, S. Failures of Gradient-Based Deep Learning. ICML, 2017.
Parity-like problems provably resist gradient-based learning—the hardness behind modular arithmetic.

16.

Hahn, M., and Rofin, M. Why are Sensitive Functions Hard for Transformers? ACL, 2024.
High-sensitivity functions like PARITY sit in sharp, isolated minima of the Transformer loss landscape.

17.

Kim, J., and Suzuki, T. Transformers Provably Solve Parity Efficiently with Chain of Thought. ICLR, 2025.
Recursive prediction of subparities makes parity learnable—theory behind autoregressive task breakdown.

18.

SCML 2026 — Computational Algebra with Transformers
4 / 7



Case study 2 — SALSA and arithmetic learning (2/2)
Saxena, E., Alfarano, A., Wenger, E., and Lauter, K. E. Making Hard Problems Easier with Custom Data Distributions and Loss
Regularization: A Case Study in Modular Arithmetic. ICML, 2025.
Sparse training distributions and a regularized loss scale modular addition to N = 128, q ≤ 974,269.

19.

Kikuchi, H., Masuya, R., Kawamoto, K., and Kera, H. Learning Large-Scale Modular Addition with an Auxiliary Modulus. Preprint, 2026.
Auxiliary modulus eases learning without the covariate shift of sparse-input training.

20.

Sato, Y., Kawamoto, K., and Kera, H. Discovering Learning-Friendly Generation Orders for Sequential Computation. Preprint, 2026.
Output generation order (left-to-right vs. right-to-left) strongly affects learnability.

21.

Shen, R., Bubeck, S., Eldan, R., Lee, Y. T., Li, Y., and Zhang, Y. Positional Description Matters for Transformers Arithmetic.
arXiv:2311.14737, 2023.
How positions are described—not just encoded—largely determines arithmetic success.

22.

McLeish, S., Bansal, A., Stein, A., Jain, N., Kirchenbauer, J., Bartoldson, B. R., Kailkhura, B., Bhatele, A., Geiping, J., Schwarzschild, A., and
Goldstein, T. Transformers Can Do Arithmetic with the Right Embeddings. NeurIPS, 2024.
Abacus embeddings encode digit position; 20-digit training generalizes to 120-digit addition.

23.

Cho, H., Cha, J., Awasthi, P., Bhojanapalli, S., Gupta, A., and Yun, C. Position Coupling: Improving Length Generalization of Arithmetic
Transformers. NeurIPS, 2024.
Task structure is baked into position IDs to achieve length generalization on addition.

24.

SCML 2026 — Computational Algebra with Transformers
5 / 7



Case study 3 — Classification, and predict-then-verify
Hruby, P., Duff, T., Leykin, A., and Pajdla, T. Learning to Solve Hard Minimal Problems. CVPR, 2022.
Classify to a precomputed anchor set instead of solving hundreds of spurious solutions.

25.

Bernal, E. A., Hauenstein, J. D., Mehta, D., Regan, M. H., and Tang, T. Machine Learning the Real Discriminant Locus. J. Symbolic

Computation 115, 2023.
Learn the real discriminant locus of parametric systems via numerical algebraic geometry labels.

26.

Barket, R., Shafiq, U., England, M., and Gerhard, J. Transformers to Predict the Applicability of Symbolic Integration Routines.
arXiv:2410.23948, 2024.
ML replaces Maple integration guards; CAS still guarantees correctness of outputs.

27.

John, R., Barket, R., and England, M. Replacing Heuristic Rule Ordering in Symbolic Integration with Learned Policies. SCML, 2026.
Learned policies replace hand-tuned rule order in symbolic integration solvers.

28.

Alfarano, A., Charton, F., and Hayat, A. Global Lyapunov Functions: A Long-Standing Open Problem in Mathematics, with Symbolic
Transformers. NeurIPS, 2024.
Sample Lyapunov functions first, then build dynamics—backward generation beyond SOS reach.

29.

SCML 2026 — Computational Algebra with Transformers
6 / 7



Framework, history & tools
Giovini, A., Mora, T., Niesi, G., Robbiano, L., and Traverso, C. “One sugar cube, please” or Selection Strategies in the Buchberger
Algorithm. Proc. ISSAC, 1991.
Sugar strategy for S-pair ordering—the heuristic culture behind practical computer algebra.

30.

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones, L., Gomez, A. N., Kaiser, Ł., and Polosukhin, I. Attention Is All You Need.
NeurIPS, 2017.
The Transformer: the sequence-to-sequence architecture used throughout this talk.

31.

Huang, Z., England, M., Wilson, D., Davenport, J. H., Paulson, L. C., and Bridge, J. Applying Machine Learning to the Problem of
Choosing a Heuristic to Select the Variable Ordering for Cylindrical Algebraic Decomposition. CICM, 2014.
The first application of ML inside a computer algebra pipeline: an SVM picks CAD ordering heuristics.

32.

Huang, Z., England, M., Wilson, D. J., Bridge, J., Davenport, J. H., and Paulson, L. C. Using Machine Learning to Improve Cylindrical
Algebraic Decomposition. Math. Comput. Sci. 13, 2019.
Journal version: classical ML predicts CAD variable order inside a CAS pipeline.

33.

Jing, R.-J., Zhao, Y., and Chen, C. Breaking the Data Barrier in Learning Symbolic Computation: A Case Study on Variable Ordering
for CAD. arXiv:2601.13731, 2026.
Addresses data scarcity for learning CAD heuristics—presented at this conference.

34.

Mitzenmacher, M., and Vassilvitskii, S. Algorithms with Predictions. In Beyond the Worst-Case Analysis of Algorithms, Cambridge
University Press, 2020.
ML predictions speed algorithms while preserving worst-case guarantees (consistency vs. robustness).

35.

Kera, H., Arakawa, S., Chamberlan, Q., Bonaccorsi, M., and Sato, Y. CALT: A Library for Computer Algebra with Transformer.
arXiv:2506.08600, 2025.
SymPy-based library: one instance generator → dataset, training, and evaluation for SC researchers.

36.

SCML 2026 — Computational Algebra with Transformers
7 / 7



34


