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@ Background and Related Work



Cylindrical Algebraic Decomposition and Variable Ordering

Example
Let f:= y2(y? — b?) — x°(x® — a?), where a=4/5, b= 1.

Figure: CADs of the Devil's curve under the ordering x > y (89 cells) and
y > x (49 cells).



Existing Work on CAD
Theory/Algorithm

e G.E. Collins' original projection-lifting framework.

® Improved projection operator (Hong, 1990; Lazard, 1994;
McCallum, 1998; Brown, 2001; McCallum et al., 2019).

® Improved lifting (Strzebonski, 2006; Iwane et al., 2013).

® Input aware (Collins and Hong, 1991; Bradford et al., 2016).

® More geometric ways: regular chain (Chen et al., 2009) and
Grobner bases (Chen, 2025).

® SMT Oriented (Jovanovic and de Moura, 2012; Brown and
Kovsta, 2015; Li et al., 2023b; Nalbach et al., 2024).

Software
e QEPCAD (Collins and Hong, 1991; Brown, 2003)
® Mathematica (Strzebonski, 2000),
¢ Redlog (Seidl and Sturm, 2003), Maple (Chen et al., 2009)
® 73 and many other SMT solvers



Variable Ordering Matters!

Theoretically matters (Brown and Davenport, 2007)

Depending on orderings, doubly exponential or constant output
size can occur for certain classes of problems.

Experimentally matters (Chen et al., 2024)

Dataset Abest Asvob Asvoc Agmods Atone
DQ-3 6.17 | 4236 | 52.22 | 35.39 | 33.09
DQS-3 | 9.42 | 161.74 | 203.6 | 145.27 | 136.25
DQ-4 0.76 2.94 3.4 2.87 2.76
DQS-4 | 16.52 | 61.23 | 63.61 | 62.78 63.17




Work on Variable Ordering Selection

Heuristic approaches
® Relying only on input information
® For general system: svob (Brown, 2004), svoc (Chen et al.,
2011), gmods (del Rio Almajan and England, 2022),

tone (Pickering et al., 2024a).
® For variable sparse (chordal) system (Li et al., 2023a).

® Relying on projection information (Dolzmann et al., 2004; del
Rio Almajan and England, 2022; Chen et al., 2020).

ML approaches

® Choose the best heuristic approach (Huang et al., 2014).

¢ Classification models (England and Florescu, 2019; Zhu and
Chen, 2020; Chen et al., 2020).

¢ Reinforcement learning (Jia et al., 2023; Jing et al., 2024)
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Figure 1: The Transformer - model architecture.

Transformer

Use Transformer in a direct way

Prepare a dataset of (sys, order).

Tokenize both input and output.

Train with teacher-forcing mode.

Predict with auto-regressive mode.

Potential problem

e Dataset (size?, sequence length?)

® Model size? GPU global memory?



Related Work on Applying Transformer on Symbolic
Computation
End-to-end learning for complex tasks

® Symbolic integration (Lample and Charton, 2020); Lyapunov
function (Alfarano et al., 2024); Grobner bases (Kera et al.,
2024; Malhou et al., 2026).

® Status: Simple input and output. Dataset size matters.

Learning primitive/basic operations

® Integer addition/multiplication (Cho et al., 2025).

® Status: Length generalization is challenging. Prompt matters.

Learning strategies to replace existing heuristics

® Explainable Al for CAD ordering (Pickering et al., 2024a);
Monte Carlo Tree Search for SMT (Lu et al., 2024).

e Status: One magnitude speedup is still missing.
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Motivation

The successful experience on other tasks

® A huge amount of labelled data (forward or backward
generation).

® Both input and output are relatively simple expressions.

The challenge for this task
® Forward generation is expensive (140 CPU days for 20K
examples).
® No obvious backward way for generation.

® Forward generation involves constructing CAD, thus a
complex task!

® |abelled data is scarce by nature.



The Pre-training & Fine-tuning Framework
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Feature Operators
Candidate features (Brown, 2004; Florescu and England, 2019).
® Foraterm T € Trand a variable ve X, let
* d(T,v) =deg,(T)

_J 1 ifvappearsin T
* a(T,v)—{ 0 else

0 else
® For U,V € {max,sum,avg} and o € {d, a, e}, let

o e(Tv) = { deg(T) if vappearsin T

U_V_o(Fv) = ng Té/Tf o(T,v).

We select 11 of them:

R={U_V_o| U, Ve {max,sum}, o€ {d,a,e}} \ {max_max_a}.
and use the order suggested in (Pickering et al., 2024b):

sum_max_d,sum_max_e,sum_sum_d,sum_sum_e,sum_sum_a,
max_max_d, max_sum__e, max_max_e, sSum_max_ a, max_sum_d, max_sum__a.

1)
Let fm(F) be #R x n matrix with entries fm(F);; = R; (F, x;).



Pre-training Features and Tasks

® Let FCQIxt,....xn, v€E X g=[[pfrf
® Let g = gsfp(q) be the greatest square free part of g.
® Let r, =res,(g, g—f) and sr, = gsfp(r,).
® Let pf (F, v) be the projection of Fw.r.t. v.
We define
¢ feature_f = fm (F),
® feature_p = fm(lSLiJSnpf (F,x) ),

® feature s = fm(lSLIJSnPf ({g}x)),
feature_e = {[(deg,(T) | ve X) | Te T\ Q] : fe F},
feature_m = [(deg,(T) | ve X) | Te T4\ Q)

® feature_r =
[(deg(r)| v € X),(deg(sr)| v e X), (#Tr| ve X), (#7Ts| ve X)].
For i € {f,p,s,e,m, r}, denote by task_i the pre-training task for
predicting the feature feature_i.



Tokenization Scheme

Category Tokens ‘ Category Tokens
special_tokens (s) (/s) (pad) | separators (sep) ;
variables x; . .. x, x1...xn digits_of_exponents 0-9
arithmetic_operators + - * A digits_of_coefficients c0—c9
relational_operators => > < < # | digits_of_feature_vectors 0-9

® System:

{=6x3x2 — 4x1x053 + 2x3x3 + 1 =0, —5x4 + >3 — 7 = 0}.

® Tokens: {(s), -, c6, *, x1, A, 3, *, x2, A, 1, ¥, x3, A, 0, -,
c4, x, x1, A, 1, %, x2, A\, 1, %, x3, A\, 2, +, c2, %, x1, A, O, *,
x2, A\, 2, %, x3, A\, 1, +, cl,= c0, ,, -, cb, *, x1, A, O, *, x2,
N, 0, %, x3, A\, 4, +, x1, A, O, *x, x2, A, 0, %, x3, A, 3, -,
c7,=, c0, (/s)}.
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More Heuristic Approaches

Table: Heuristic methods for CAD.

Heuristic Features

svob (max_max_d, max_max_e, sum_sum_a)
svoc (max_max_d, max_|, sum_max_d)
gmods (sum_max d)

tone (sum_max_d, avg_avg_d, sum_sum_d)
slm (sum_max_d, max_|, max_max_d)
SmSsAa  (sum_max_d, sum_sum_d, avg_avg_d)
SmAaM1 (sum_max_d, avg_avg_d, max_l)

isf feature_f

pst feature_p

ipf (feature_f, feature_p)

pgt

pseudo graph feature vector of F




Performance of Heuristic Approaches

Abs_Acc (%) Rel_Acc (%) Time_Ratio
Heuristics

SMT DQ-3 DQ-4 DQ-4b SMT DQ-3 DQ-4 DQ-4b SMT DQ-3 DQ-4 DQ-4b

svob 55.45 37.86 20.41 18.06 67.32 41.07 2769 2438 125 6.86 3.85 4.50
svoc 53.88 37.45 18.26 16.64 65.36 40.61 25.16 22.64 131 846 4.46 4.41
gmods 56.72 4457 1578 1530 68.89 48.13 2216 2098 1.18 573 3.76 3.68
tone 54.17 46.96 1892 17.54 66.44 50.66 26.05 23.82 1.18 536 3.61 3.87
slm 55.64 46.20 1835 17.45 67.91 4981 2527 2360 1.18 565 3.84 3.69
SmSsAa 5496 46.90 18.81 17.48 67.12 5051 2593 2376 1.19 5.28 3.62 3.84
SmAaMl 5427 47.75 20.31 18.66 66.63 51.40 27.89 2530 1.18 5.37 3.57 3.86
isf 55.25 48.53 20.71 19.20 67.81 5232 28.15 2575 1.19 5.28 3.60 3.79
psf 40.63 29.94 22.15 21.04 50.74 3255 29.78 28.04 155 7.65 4.23 3.41
ipf 55.05 48.51 2151 19.86 67.71 52.35 29.24 26.63 120 5.28 3.60 3.78
pgf 53.58 47.75 19.44 18.13 66.05 51.38 26.48 2438 133 551 3.68 3.75

The best ones

® SMT: gmods
® DQ3: isf, ipf
® DQ4: psf, SmAaMI

DQ4b: psf
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Performance on Pre-training Tasks

Table: Accuracies of pre-training tasks.

Dataset Category ‘ task_e task_f task_m ‘ task_p task_r task_s

valid 100.00%  98.00%  93.49% | 25.29% 20.28%  9.30%
DQ-3 test-valid | 99.99%  98.08%  93.65% | 24.75% 19.93%  9.22%
test 100.00% 98.11% 93.78% | 24.87% 19.83%  9.02%

valid 99.99%  99.83% 94.03% | 65.88% 49.80% 41.01%
DQ-4 test-valid 99.98%  99.85% 93.91% | 65.49% 49.44% 41.24%
test 100.00% 99.79% 94.25% | 65.14% 49.36%  40.76%

valid 99.98%  99.90% 93.08% | 56.62% 41.57% 35.19%
DQ-4b  test-valid | 99.98%  99.90% 92.75% | 56.02% 41.31%  35.46%
test 100.00%  99.99%  93.32% | 56.09% 41.03% 35.10%

Table: Mean digit length for each pre-training task on testing set.

Dataset task_p task_r task_s

DQ-3 1.83 2.12 2.75
DQ-4 1.34 1.60 2.20
DQ-4b 1.48 1.79 2.46
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Random DQ-4 (II)
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Time (seconds)

CAD Running Timing on SMT Dataset
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Can we do better?

(RQq) If we increase the size of the pre-training dataset by
another magnitude.

RQ5) If we increase the capacity of Transformer models.

(RQ2)

(RQ3) If we directly use computed features.

(RQg) If we adopt a multi-stage pre-training scheme.
(RQs)

RQs5) If we use a different tokenization scheme.



Increase Dataset Size (1)
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Increase Dataset Size (Il)
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Increase the Capacity

Task_id | Embedding Dimension Heads  Encoders/Decoders  Batch Size  Epochs
task_s 256 8 7/6 128 100
task_ss 512 16 6/12 32 100
Pretraining__Task task_s task_ss
Accuracy 13.71% 18.57%
CAD_Task task_c_s task_c_ss
Absolute_Accuracy 61.53% 61.29%
Relative_Accuracy 66.31% 65.65%
Predicting_Time 20.77 22.02
Optimal_Time 6.28 6.28




Replace Pre-training by Feature
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Multi-level Pre-training & Fine-Tuning

Table: Comparison of one-step and multi-step pre-training models.

Pre-training_Task acc ‘ Order_Task abs_acc rel_acc time_ratio
task_f 98.08% task_c_f 53.29% 57.00% 4.43
task_p 24.75% task_c_p 61.78%  66.72% 2.84

task_p_f 22.48% | task_c_p_f 59.14%  63.59% 3.15
task_fp 24.77% task_c_fp 58.73% 62.93% 3.87

® task_c_p_£f: Pre-training with feature_f, fine-tuning with
feature_p, fine-tuning again on task_c,

® task_c_fp: Pre-training with (feature_f, feature_p),
fine-tuning on task_c.
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¢ Method A: completes omitted exponents (0 and 1) in
polynomial expressions and distinguishes digits in coefficients

and exponents.

® Method B: only distinguishes digits in coefficients and
exponents but does not complete missing exponents.
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Cross-dimension Strategy

Suppose that we have a model for n variables, how to handle
systems in m variables?

m = n Directly apply the trained models.

m < n Force the model to ignore the rest n — m variables.
m>nt= (':) ways to choose n different variables from m ones.
For 1 < i<t set the rest m — n variables to 1 and get F;.
Call an n-model on (F;, X;) to get an ordering O;.

Set score(x;, 0)) =n—j, j=1,...,n.

score(xy) = Y1, score(xx, O)).

Sorting x; by score(xx) in descending order.

Blocking ordering
The m variables already satisfy: X3 > X5 > --- > X,.
m < n First choose O and force O to respect the block ordering.
m > n Evaluate F at X\ X; =1 to obtain BF;.
® Get an ordering O; for (BF;, X;).
®*Set O=01> 0> -0,



Experimental Results
Adapted cross-dimension models vs separately trained models.

Dataset Category ‘ task_b task_b_e task_b_f task_b_m task_b_p task_b_r task_b_s
abs_acc 11.95% 19.64% 28.30% 29.07% 32.56% 30.75% 30.89%
rel_acc 15.79% 25.65% 35.99% 36.90% 41.51% 39.34% 38.85%
time_ratio 6.05 4.92 3.28 3.07 2.54 2.69 2.69
DQ-4b Category ‘ task_c task_c_e task_c_f task_c_m task_c_p task_c_r task_c_s
abs_acc 8.60% 15.44% 19.50% 21.80% 23.06% 23.13% 24.32%
rel_acc 12.51% 21.80% 25.79% 28.65% 29.63% 29.84% 31.94%
time_ratio 5.97 4.87 3.50 3.04 2.75 2.73 2.65
Dataset Category ‘ task_c task_c_e task_c_f task_c_m task_c_p task_c_r task_c_s
abs_acc 28.89% 44.44% 52.51% 53.17% 60.25% 59.51% 59.67%
rel_acc 31.28% 47.24% 55.39% 56.21% 63.95% 63.62% 63.62%
time_ratio 9.61 6.44 4.91 4.88 3.05 3.56 3.31
DQ-3 Category ‘ task_b task_b_e task_b_f task_b_m task_b_p task_b_r task_b_s
abs_acc 20.08% 22.22% 30.04% 42.72% 43.29% 47.74% 33.83%
rel_acc 21.56% 24.28% 32.10% 45.84% 46.83% 50.86% 36.79%
time_ratio 12.52 10.64 8.44 6.29 5.56 6.33 7.62

® The best model is still the separately trained.

® 3-variable models perform well on 4-variable datasets.

® 4-variable models perform less satisfactorily on 3-variable
datasets but the best one still outperforms the best heuristic.



A Testing Example with 9 Variables
The problem (Sturm and Weispfenning, 1997)

Hu,v,w}, x(fF—w) = fu A y(f—w) = v A (u—a)?> + (v— b)? + (w—c)? = 1.
® The bound variables: u, v, w.
® The free variables: x,y,f, a, b, c.

® The command to use: QuantifierElimination (with the option
output=rootof) inside the RegularChains library of Maple
2025.

The result:

® Heuristic approaches: u>v>w>x>y>f>a>b> c,
u>v>w>x>y>a>b>c>f and
w>u>v>x>y>a>b>c>f

None of them can help the solver (timelimit: 100 seconds).
Model Mp: v>w>u>b>c>a>f>y>x(8.779).
Model M,;: w>v>u>a>b>c>x>f>y(16.435).
Model Mg: v>u>w>c>f>b>a>y> x(10.633).
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Predicted Tokens

Predicted Tokens

Cross-attention Weights Analysis
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Linear Probing

The main idea
e Let X € R be the output of the frozen encoder.
o Leth=1%" X[i,].
® A linear probe: § = Wh + b is added after the frozen encoder.

® Training only the linear probe by minimizing the loss
1N g
L=5> i 19—yl
A mini-experiment
® The feature to be regressed: sum_max_d.

® Choose N = 5000 examples for training.

Example Metric probe_p probe_s

label 2 1,2 2 1,2]
output  [1.9770, 1.8595, 1.8570]  [1.6654, 1.6002, 1.7781]

label 5, 5, 4] 5, 5, 4]
output  [4.5846, 4.4885, 4.3604]  [4.8229, 4.5072, 4.6669]

REdMn2rCv3_ex-1490

REeMn2tMv3_ex-508
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Conclusion and Future Work

The complex nature of CAD variable ordering selection implies
data scarcity.

® Pre-training and fine-tuning can alleviate this problem.
® Deep pre-training tasks perform better than shallow ones.
® Designing the best pre-training task is still an open question.

Deep learning for computing (DL4C)
® Directly learning the output may be difficult.

® |ntroducing intermediate simple objects to learn.

® | everaging pre-training and fine-tuning.

Deep computing for learning (DCA4L)

® Re-design the algorithm to form blocks.

® The input and output of each block is simple and easy to be
verified if possible.

® | everaging deep learning to accelerate each block.
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