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Introduction



The Rise of AI for Math

AI for Proof

AI for Math

AI for Computation

• Solving Erdős Problems

• Solving Open Problems

• LEAN×LLM：

• Formal verification,

• Automated proof search

• Algorithm Search

• Learned Numerical 

Computation

• Learned Symbolic 

Computation

• Computing Gröbner bases

Symbolic Computation
× Machine Learning



Approaches in SCML

Accelerating 
Implementation

SCML

Approximate model of 
Algorithms

• Optimization of Selecting

• Monomial Order

• S-pair

• Making Oracles

• Approximation of Input-Output 

Map My Interests



Example of Approximation  of I/O map

Given

Function

𝑓 𝐹
Primitive

FunctionRelatively Easy to

Comp. 𝑓 =
𝑑

𝑑𝑥
𝐹

Problem: for given a function 𝑓, determine 𝐹 𝑥 = ∫ 𝑓 𝑥 𝑑𝑥

Relatively Difficult

Model of Integration

Learning

𝑓1, න 𝑓1 𝑑𝑥 , 𝑓2, න 𝑓2 𝑑𝑥 , … , 𝑓𝑁, න 𝑓𝑁 𝑑𝑥 , 𝑵 = 𝟒 × 𝟏𝟎𝟕



Example of Approximation  of I/O map

Lample-Charton(2019):

By learning transformer from 4 × 107 problem/answer pairs, they found

instances that SymPy cannot solve but a Neural Network Model can 

solve

Problem: for given a function 𝑓, determine 𝐹 𝑥 = ∫ 𝑓 𝑥 𝑑𝑥

Guillaume Lample and Francois Charton, “Deep Learning for 
Symbolic Mathematics”, ICLR2020



AI for Unsolved Problems
(Unsolved) Given a dynamical system 𝐹, does there exist

a Lyapunov function 𝑳 for 𝐹? If so, how can it be constructed?

Dynamical

System 

𝐹 𝐿
Lyapunov

Function

Alberto Alfarano, François Charton, Amaury Hayat, “Global Lyapunov functions: a long-standing 

open problem in mathematics, with symbolic transformers”, NeurIPS2024

Still unsolved

but…

We can construct

reverse algorithms 𝑳 ⟼ 𝑭

Alfarano-Charton-Hayat (2024):

By making a reverse algorithm, they constructed a training dataset (𝑭𝝀, 𝑳𝝀),

a NN model of 𝐹 ↦ 𝐿, and new Lyapunov functions for untrained systems



AI for fast computing Gröbner bases

𝐹 =
𝑓1
⋮
𝑓𝑚

Deterministic Algorithm

(Buchberger, F4, F5, …)
𝐺 =

𝑔1
⋮
𝑔𝑛

Polynomial

system
Gröbner basis

exponential time

Polynomial time

Kera-Vaccon-Ishihara-K.-Yokoyama (2024):

By making a reverse algorithm, they constructed a training dataset (𝐹𝜆, 𝐺𝜆),

a NN model of 𝐹 ↦ 𝐺, and find examples that the model is over 100 times 

faster than Buchberger’s algorithm 

Hiroshi Kera, Tristan Vaccon, Yuki Ishihara, Yuta Kambe, Kazuhiro Yokoyama, 

“Learning to Compute Gröbner Bases”, NeurIPS2024



General Question
on Dataset Generating 



Question on Dataset Generating 

Input

𝑓 𝐹
Output

𝝈:Relatively Difficult

𝜸:Relatively Easy

𝒟 = 𝜸 𝐹1 , 𝐹1 , 𝜸 𝐹2 , 𝐹2 , … , 𝜸 𝐹𝑁 , 𝐹𝑁
= 𝑓1, 𝝈 𝑓1 , 𝑓2, 𝝈 𝑓2 , … , 𝑓𝑁, 𝝈 𝑓𝑁 ⊂ Graph(𝜎)

Question: How general is this dataset 𝓓?



My Main Problem

Question: How general is this dataset 𝓓?

Problem：For given 𝛾,
is the image of 𝜸 Zariski dense in each fiber of 𝝈?



Recent Results on Gröbner bases Dataset 

Theorem(Kambe-Maeda-Vaccon, 2025): Assume 𝑲 = ℚ + Heuristic

The image of the reverse algorithm

is dense in {𝐹 ∈ 𝑅𝑚×1 ∣ 𝐹 = 𝐺 }

{𝐹 ∈ 𝑅𝑚×1 ∣ 𝐹 = 𝐺 }

Yuta Kambe, Yota Maeda, Tristan Vaccon, 

“Geometric Generality of Transformer-

Based Gröbner Basis Computation”, to

appear in Artificial Intelligence and 

Mathematical Research, Contemporary 

Mathematics, AMS



Accuracy of G.B./Accuracy of terms. of G.B.

Experiments by Kera et al.: Table of accuracies of (Coeffs+Terms)/Only Terms

• Accuracies over ℚ are relatively high, but

• accuracies over 𝔽𝑝 are relatively low



Correctness of the Heuristic



Two sets of generators of an ideal

Proposition Let 𝐹 ∈ 𝑅𝑚×1, 𝐺 ∈ 𝑅𝑛×1.

𝐹 = 𝐺 ⇒ ∃ 𝐴 ∈ 𝑅𝑚×𝑛 s. t. 𝐹 = 𝐴𝐺

Notation

• 𝐾 is a field

• 𝑅 = 𝐾 𝑥1, 𝑥2, … , 𝑥𝑟 is the polynomial ring

• Let us consider poly. sys. 𝐹 as a vector in 𝑅𝑚×1:

𝐹 = 𝑓1, 𝑓2, … , 𝑓𝑚
𝑇 =

𝑓1
⋮
𝑓𝑚

∈ 𝑅𝑚×1

Proposition Let 𝐴 ∈ 𝑅𝑚×𝑛, 𝐺 ∈ 𝑅𝑛×1.

∃ 𝐵 ∈ 𝑅𝑛×𝑚 s. t. 𝐵𝐴 = 𝐸𝑛 ⇒ 𝐴𝐺 = 𝐺

Remark 𝐴𝐺 = 𝐺 ⟺ ∃𝐵 ∈ 𝑅𝑛×𝑚 𝑠. 𝑡. 𝐵𝐴 − 𝐼𝑛 𝐺 = 𝑂



Left regular matrix
Proposition Let 𝐴 ∈ 𝑅𝑚×𝑛, 𝐺 ∈ 𝑅𝑛×1.

∃ 𝐵 ∈ 𝑅𝑛×𝑚 s. t. 𝐵𝐴 = 𝐸𝑛 ⇒ 𝐴𝐺 = 𝐺

We say 𝐴 is a left regular matrix over 𝑅 if ∃ 𝐵 ∈ 𝑅𝑛×𝑚 s. t. 𝐵𝐴 = 𝐸𝑛

Proposition (Kambe-Maeda-Vaccon, 2025)

Assume that 𝒎 ≥ 𝒏 ≥ 𝟑,

𝐴 ∈ 𝑅𝑚×𝑛 is left regular ⟺ ∃𝑈 ∈ 𝑬(𝒎) such that 𝑨 = 𝑼 𝑰𝒏
𝑶(𝒎−𝒏)×𝒏

,

where

𝐼𝑛 ≔ identity matrix of size 𝑛,

𝑂 𝑚−𝑛 ×𝑛 ≔ zero matrix of size 𝑚 − 𝑛 × 𝑛

𝑬 𝒎 := 𝑮𝑳 𝑲𝒎 , 𝑺𝑳 𝑹𝒎



The reverse algorithm for G.B. 

Reverse Algorithm

1. Pick a random G.B. 𝐺 (shape position, Cauchy module, etc….)

2. Pick a random left regular matrix 𝐴 ∈ 𝑅𝑚×𝑛

3. Return 𝐹 = 𝐴𝐺

𝐹 =
𝑓1
⋮
𝑓𝑚

𝐺 =
𝑔1
⋮
𝑔𝑛

Polynomial

system
Gröbner basis

Reverse Algorithm



Evaluating generality of outputs of the algo.  

Theorem(Kambe-Maeda-Vaccon, 2025): Fix 𝑚, 𝑛 with 𝑚 > 𝑛. Assume 𝐾 = ℚ.

Let 𝐺 ∈ 𝑅𝑛×1. Let

ℱ = {𝐹 ∈ 𝑅𝑚×1 ∣ 𝐹 = 𝐺 } = {𝐴𝐺 ∣ ∃𝐵 ∈ 𝑅𝑛×𝑚 𝐵𝐴 − 𝐸𝑛 𝐺 = 𝑂}

𝓕𝟎 = 𝑨𝑮 𝑨 ∈ 𝑹𝒎×𝒏: 𝐥𝐞𝐟𝐭 𝐫𝐞𝐠𝐮𝐥𝐚𝐫 ⊂ ℱ.

We equip a Zariski topology on ℱ from identification

𝑅 =ራ
𝐷=0

∞

𝑅≤𝐷 = ራ

𝐷=0

∞

𝐾𝑁𝐷 ,

where 𝑅≤𝐷 = 𝑓 ∈ 𝑅 deg 𝑓 = 𝐷 ,𝑁𝐷 = σ𝑖=0
𝐷 𝑟+𝑖

𝑖
(parameterization on coeffs).

If 𝒎 ≥ 𝟐𝒏 and some heuristic is true, then 𝓕𝟎 is dense in 𝓕.

Kera & Ishihara’s 

team also have 

some result

in the case of 𝒎 ≤ 𝒏



Heuristic

Notation and Definition

• 𝐴 =
𝐴1

𝐴2
∈ 𝑅𝑚×𝑛, 𝐴1 ∈ 𝑅

𝑛×𝑛, 𝐴2 ∈ 𝑅
𝑚−𝑛 ×𝑛

• 𝐵 = 𝐵1 𝐵2 ∈ 𝑅𝑛×𝑚, 𝐵1 ∈ 𝑅
𝑛×𝑛, 𝐵2 ∈ 𝑅

𝑛× 𝑚−𝑛

• 𝓧≤𝑫 = 𝑩,𝑨 ∈ 𝑹≤𝑫
𝒏×𝒎 × 𝑹≤𝑫

𝒎×𝒏 𝑩𝑨 − 𝑬𝒏 𝑮 = 𝑶,𝑩𝟏𝑨𝟏 ∈ 𝑹≤𝑫
𝒏×𝒏

Our Heuristic

Key Theorem (K.-Maeda-Vaccon)

If 𝑚 ≥ 2𝑛 and 𝓧≤𝑫 (𝑫 ≫ 𝟎) is irreducible, then ℱ0 ∩ ℱ≤𝐷 is dense in ℱ≤𝐷



Notation and Definition

• 𝐴 =
𝐴1

𝐴2
∈ 𝑅𝑚×𝑛, 𝐴1 ∈ 𝑅

𝑛×𝑛, 𝐴2 ∈ 𝑅
𝑚−𝑛 ×𝑛

• 𝐵 = 𝐵1 𝐵2 ∈ 𝑅𝑛×𝑚, 𝐵1 ∈ 𝑅
𝑛×𝑛, 𝐵2 ∈ 𝑅

𝑛× 𝑚−𝑛

𝓧≤𝑫 = 𝑩,𝑨 ∈ 𝑹≤𝑫
𝒏×𝒎 × 𝑹≤𝑫

𝒎×𝒏 𝑩𝑨 − 𝑬𝒏 𝑮 = 𝑶,𝑩𝟏𝑨𝟏 ∈ 𝑹≤𝑫
𝒏×𝒏

Is 𝒳≤𝐷 irreducible?

Our Heuristic

𝓧≤𝑫 (𝑫 ≫ 𝟎) is irreducible

• Question: Is 𝓧≤𝑫 irreducible for generic 𝑮 and 𝑫 ≫ 𝟎?

• We do not have any logical guarantee of this heuristic

• Intuitively,

𝐺 is generic ⇒ 𝒳≤𝐷 is a generic variety ⇒ 𝒳≤𝐷 is irreducible

• Idea: Using syzygy of 𝑮, reseach the generality/irreducibility of 𝓧≤𝑫


