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Abstract

We investigate the use of deep learning techniques for computing integral equations from
systems of nonlinear differential equations. The class of integral equations we consider are
very general and difficult to manipulate with purely symbolic computations. In order to
rapidly explore and experiment with such complicated expressions, we have trained deep
learning models to get valuable insight on the type of expressions that can be expected
to be calculated using symbolic methods. The first contribution is a novel algorithm for
converting an integral equation into a differential equation. The second is the discovery
and resolution, via our trained models, of systems which are currently beyond the reach of
classical computer algebra.

1 Introduction

Many models in biology and control theory are written as systems of non differential equations
involving unknown parameters. Under suitable assumptions, partial data measurements are
sufficient to estimate the values of the parameters. There exists an extensive literature on
the parameter estimation problem (see for example [27] and references therein). This article is
motivated by the parameter estimation problem using both computer algebra and deep learning
techniques.

We illustrate the parameter estimation problem on the simple example from Figure 1 which
only involves two variables x(t) and y(t) and a parameter θ. Assuming that experimental data
are only available for y(t) (i.e. x(t) is unknown), can we estimate the value of the parameter
θ? One classical approach [14] consists of eliminating x(t) from the system S to obtain In-
put/Output (I/O) equations only involving θ and y(t). This elimination is usually performed
using computer algebra algorithms, which are designed for symbolically manipulating equa-
tions. Figure 1 presents two I/O equations f = 0 and F = 0 obtained by eliminating x(t) from
S. For brevity, in the rest of the paper, the term Equation f (resp. F ) actually means Equation
f = 0 (resp. F = 0). Equation f is a differential I/O equation, while F is an integral I/O

equation where the
∫
is the primitive operator (i.e.

∫
u =

∫ t

0
u(τ)dτ). Those two I/O equations

may be used to estimate the value of θ using the experimental data for y(t).
In case of noisy experimental data (i.e. in case of errors on the measurements), Equation F

is usually more suitable since the integration tends to filter the noise (see [6, 21] for a numerical
treatment using integral equations, and see [20, Section 7] for examples of integral equations
computed from biological examples).

In Figure 1, Equation F can be computed in two ways: either by differential elimination
(Algorithm de) followed by integration (Algorithm int), or directly by integral elimination
(Algorithm ie). Although the de algorithm is complete (solid arrow on Figure 1), int and ie
are partial algorithms (dashed arrows) implying that integral I/O equations cannot always be
computed for general systems.

Improving Algorithms ie and int is a very complex and time-consuming task. For this
reason, we experiment in this article with the use of deep learning techniques to compute
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S


ẋ(t) = y(t)

ẏ(t) = θx(t)2

x(t) unknown

F = y(t)− y0 − θx2
0t−

2θx0

∫∫
y(t)− 2θ

∫∫
y(t)

∫
y(t)

f = ÿ(t)2 − 4θy(t)2ẏ(t)

Integral Elimination (ie)
[20]

Differential Elimination (de)[3]

[5, Integrate]
Algorithm (int)

Figure 1: Computing the differential I/O equation f = 0 and the integral I/O equation F = 0
from the system S.

integral I/O equations and help improve these algorithms. This idea of using deep learning
for getting mathematical insight in difficult problems has already been proved successful for
instance for knot theory [10] and algebraic geometry [12].

The contributions presented in this paper demonstrate that the use of deep learning tech-
niques to provide improvement suggestions is a promising approach for integro-differential elim-
ination.

Indeed, thanks to the development of a new algorithm i2d (Section 3.2), we have trained
4 models that revealed and solved new striking systems that Algorithms ie and int could
not solve (Section 7.2). Those new examples constitute important results since they seem very
difficult to create by hand computations. Moreover, those new examples are already a source of
inspiration for improving Algorithm ie since logarithms were added in [22] following this work.

The source code associated to the experiment presented in this paper is available at https:
//codeberg.org/louis-roussel/IntegroDifferentialDeepLearning.

Organisation of the Paper Section 3 presents classical algorithms in computer algebra, and
presents our new algorithm i2d (which converts an integral equation to a differential equation)
along with its associated deep learning model [i2db]. Section 4 details the data generation
process. Section 5 presents our experiment and the different trained models. Section 6 presents
the results of our experiment that are discussed in Section 7. Finally, Sections 7.3 and 8 present
some limitations of this work and conclude.

Notations Dotted arrows inside the figures represent trained models. Model names are en-
closed with square brackets (e.g. [ie]). The variables x(t) and y(t) denote time functions.
First, second and third derivatives of x(t) (resp. y(t)) are denoted ẋ(t), ẍ(t),

...
x (t) (resp. ẏ(t),

ÿ(t),
...
y (t)). Differentiation w.r.t. t is denoted d/dt or with a single quote (′). For brevity, the

time dependency is sometimes omitted (e.g. ẋ(t) = x(t) + y(t) is simply written ẋ = x + y).

The primitive
∫ t

0
u(τ)dτ of a real function u(t) is simply denoted

∫
u. A plus sign between

two algorithms denote the sequence of the two algorithms (e.g. de+ int means Algorithm de
followed by int).

2
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Σ E∫

E∂

ie

de
int i2d [i2db]

Figure 2: The general computation schemes for integro-differential modelling. Dashed lines
represent partial algorithms. The dotted line corresponds to the deep learning model [i2db]
(see Section 3.4).

2 Related Work

The seminal paper [19] shows that Transformer-based [26] architectures can learn symbolic
integration, differentiation, and solve differential equations. The authors of [19] obtain very
good results for some datasets despite some limitations as detailed in [13].

More recently, there has also been a growing number of work that combine Symbolic Compu-
tation and Machine Learning, such as computing Gröbner bases with Transformers [18], finding
suitable elimination orders for CAD [24], or selecting strategies for symbolic integration [2].

Symbolic regression has been developed in [15, 16] using genetic algorithms, and in [17, 11]
using Transformers. See [9] for an overview of symbolic regression methods. Integral equations
could likely be computing using symbolic regressions. However some preliminary tests we
conducted using genetic algorithms were not conclusive.

In this paper, we restrict ourselves to the classical Transformer architecture. Variants such
as Tree Transformer should be tested, following the work of [25, 1].

3 Algorithms and the Model [i2db]

Figure 1 is a particular case of the computation approach depicted of Figure 2. The Σ symbol

denotes the set of all differential systems of the form

{
ẋ(t) = p(x(t), y(t))
ẏ(t) = q(x(t), y(t))

where p and q are

polynomials over Q. The set E∂ contains all differential polynomials in y(t), i.e. polynomial
expressions in y(t), ẏ(t), ÿ(t), . . . The set E∫ is the set of all expressions which can be obtained
from the rational numbers and y(t), and the operations sum, subtraction, division, product,
integration, exponential and logarithm. More precisely, the set E∫ contains Q and y(t), and

for any expressions F and G in E∫ , the expressions F + G, F − G, F/G, F × G,
∫
F , eF and

ln(F ) are also in E∫ . For example, the expression F = y2 − y + y
∫
y + ln(y) +

∫
(
∫
(y)
y ) +

∫∫
y2

(see Example 1) belongs to E∫ .
Figure 2 reveals three different paths from Σ to E∫ which will be used in Section 4 to

generate data couples (S, F ) in Σ× E∫ .
After presenting algorithms de, int and ie in Section 3.1, we introduce a new algorithm i2d

in Section 3.2. Section 3.3 details how to check that an element of E∫ is an integral I/O
equations of a system S in Σ. Section 3.4 presents the model [i2db] (where the suffix b stands
for backwards).

3
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3.1 Known Integro-Differential Algorithms

Algorithm de The differential elimination from Σ to E∂ is completely algorithmic, and is
performed using the Rosenfeld-Gröbner Algorithm [8] and its implementation [3].

Algorithm int Algorithm [5, Integrate (Algorithm 4)], simply denoted int, is a partial
algorithm that can be used to integrate several times an element of E∂ to produce an element
of E∫ . Only polynomials are obtained (i.e. no fractions, exponential or logarithmic terms are
introduced). Algorithm int is not able to compute integrating factors which may be necessary
for a successful integration. For instance, the equation ẋy + ẋ − xy needs to be multiplied by

1
(y+1)2 before being integrated to x

y+1 · When it succeeds, the output of int is always correct

and does not need to be verified.

Algorithm ie Algorithm [20, integral elimination], simply denoted ie, is a partial algo-
rithm for directly computing an element of E∫ from a system in Σ written in integral form.
Equations computed using ie can involve exponentials but no fractions nor logarithms. When
it succeeds, the output of ie is always correct and does not need to be verified.

3.2 A New Algorithm i2d

Our algorithm i2d (Algorithm 1) is a partial algorithm that converts using divisions and differ-
entiations an expression in E∫ into an expression in E∂ by removing the integrals, exponentials
and logarithms. This algorithm will be used to check if an element of E∫ is a consequence of a
system S ∈ Σ (Section 3.3). It will also be used to create data to train the model [i2db] which
transforms an element of E∂ into an element of E∫ (Section 3.4).

The idea of i2d is the following. Consider an expression F ∈ E∫ of the form F =

p(
∫
G)eH ln(K)α + · · · where p ∈ E∂ , α positive integer and G,H,K ∈ E∫ . In order to

obtain an expression in E∂ , Algorithm i2d tries to repeatedly remove the integral in front of
G, remove the exponential from the term eH or decrease the exponent α by 1. Algorithm i2d
terminates when the expression F is free of integral, exponential and logarithm.

More precisely, Algorithm i2d repeats one of the three following computations (and then
takes the numerator) until an equation in E∂ is obtained. The first one removes the integral in
front of G by replacing F by ( F

peH ln(K)α
)′ = G+ · · · . The second one removes the exponential

in eH by replacing F by (ln( F
p(

∫
G) ln(K)α

))′ = H ′ + · · · . The third one decreases α by 1 by

replacing F by ( F
p(

∫
G)eH

)′ = αK′

K ln(K)α−1 + · · · .
Algorithm i2d suffers limitations. It may fail for certain inputs, it may not terminate, and

the output is not guaranteed ”correct”. Those limitations are due to the following reasons.

First, the expressions in E∫ are very difficult to manipulate. Indeed, even simply checking
that an expression in E∫ can be simplified to zero might be undecidable due to the undecidable
identity problem by Richardson [23, Theorem Two]. Second, the treatments at Lines 14-19
need to be improved to properly handle some checks on the possible cancellation of Q (used to
divide R), which requires considering case splits when dividing by zero. Considering a system
of equations could help solve this problem, but this is left for future work.

Example 1. We summarise the main steps of Algorithm i2d applied to F = y2 − y + y
∫
y +

ln(y) +
∫
(
∫
(y)
y ) +

∫∫
y2. Underlined terms corresponds the expression M selected at Line 10.

4



Deep Learning for Integro-Differential Modelling Lemaire and Roussel

y2 − y + y
∫
y + ln(y) +

∫
(
∫
y
y ) +

∫∫
y2y d

dt then take the numerator

(yẏ + 1)
∫
y + y

∫
y2 + ẏ + y3 − yẏ + 2y2ẏy× 1

y then d
dt then take the numerator

y4 + 3y3ẏ + 2y3ÿ + (y2ÿ − ẏ)
∫
y − y2ÿ + y2 + yÿ − ẏ2 + 2y2ẏ2y× 1

y2ÿ−ẏ then d
dt then take the numerator

−y5 ...y + 2y4ẏÿ − 3y4ẏ
...
y + 4y4ÿ2 + 3y3ẏ2ÿ − 2y3ẏ2

...
y + 6y3ẏÿ2 + y3ÿ + · · · .

3.3 Checking an I/O Integral Equation

Checking whether a differential I/O equation f is a consequence of a differential system S in Σ
can be solved by checking that the normal form [4] of f w.r.t. S equals zero. Technically, this
comes from the fact that S is already a regular differential chain [7] for a suitable ranking (i.e.
the orderly ranking x < y < ẋ < ẏ < · · · ).

However, checking whether an integral I/O equation F is a consequence of a differential
system S is a delicate problem, and still an open question to our knowledge. A partial answer
to this problem consists of using our algorithm i2d from Section 3.2. We convert F to a
differential equation f using i2d, and we check if f is a consequence of S (as in the previous
paragraph). We explain below that this process is not completely satisfactory since it will only
detect whether F is a consequence of S up to some extra terms involving integration constants.

Consider the system S =

{
ẋ = p(x, y)

ẏ = y
and F = 1

y +
∫

1
y . Computations show that

f = i2d(F ) = −ẏ + y which is obviously a consequence of S. However F cannot be obtained
from S for the following reason: any solution of S satisfies y(t) = λet but plugging any such
solution in F yields 1/λ and not zero. This is expected, since dividing y′ − y by y2 and
integrating yields 1

y −
1
y0

+
∫

1
y which is equal to F up to the term 1

y0
.

For more complex examples, see Section 7.2 where the Fics expressions are obtained from
f by hand by carefully handling initial conditions. For future work, we might improve the i2d
algorithm so that it both computes f , and a corrected version Fics of F involving integration
constants.

For very particular systems, it is sometimes necessary to differentiate f once or twice before

checking that it is a consequence of S. For example, consider F = y−t and S =

{
ẋ = p(x, y)

ẏ = 1
,

for some polynomial p. Algorithm i2d(F ) returns F itself. The normal form of F w.r.t. S is
F itself (thus nonzero), whereas the normal of F ′ = ẏ − 1 w.r.t. S is zero. The same difficulty

occurs for F = y − t2/2 and S =

{
ẋ = 1

ẏ = x
, where F needs to be differentiated twice.

Summarising the previous arguments yields Algorithm CheckIOint (Algorithm 2), which
takes as input an integral I/O equation F ∈ E∫ and a dynamical system S ∈ Σ and outputs
True if F is a consequence of S up to some terms involving initial conditions. Algorithm
CheckIOint suffers the same limitations as i2d.

5
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Algorithm 1: i2d(F )

Input: F ∈ E∫
Output: Return either FAIL, or f ∈ E∂ . See Section 3.2.

1 begin
2 f ← F ;
3 while f contains

∫
, exp or ln (i.e. f /∈ E∂) do

4 f ← the numerator of f ;
5 expand f using the distributivity of × (i.e. using (A+B)×C = A×C+B×C);
6 expand in f any product of integrals using the rule

(
∫
U)× (

∫
V ) =

∫
U
∫
V +

∫
V
∫
U [20, Section 2.1];

7 try to write f as a sum
∑

i=1..n

piIiEiLi, where the pi are differential polynomials;

the Ii, Ei and Li are either equal to 1 or are respectively expressions of the
form

∫
A, eA and ln(A)α where A ∈ E∫ and α is a positive integer;

8 return FAIL if it is not possible;
9 return p1 if n = 1;

10 Let M be a greatest expression among all the Ii, Ei or Li according to the
lexicographic ordering (#

∫
,#exp,# ln).

// More precisely, choose an expression M with the highest number

of integral operators; or in case of ties, an expression with

the highest number of exponential operators; or in case of ties,

an expression with the highest number of logarithm operators.

11 By collecting f by M , we write f = Q×M +R;
// The case Q = 0 is excluded in this version of the algorithm.

12 if R = 0 then
13 f ← i2d(Q)× i2d(M)
14 else if M can be written as

∫
A then

15 f ← A− (−R
Q )′;

16 else if M can be written as eA then
17 f ← A′ − (ln(−R

Q ))′;

18 else
19 f ← (ln(A)α)′ − (−R

Q )′ ; // M can be written as ln(A)α

20 return f ;

Algorithm 2: CheckIOint(F, S)

Input: F ∈ E∫ and S ∈ Σ
Output: return True or False. See Section 3.3.

1 begin
2 f ← i2d(F );
3 return False if i2d(F ) has failed;

// f is in E∂

4 if one of the normal forms of f , f ′ and f ′′ w.r.t. S is zero then return True;
5 return False

6
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3.4 The Integration Model [i2db]

As described in Section 3.1, the int algorithm has strong limitations and is difficult to improve.
Thus, we trained a deep learning model denoted [i2db] which is the “inverse” of Algorithm i2d
(hence the suffix b for backward). This model is more powerful than int since it deals with
exponentials, logarithms, and integrating factors. It will prove particularly helpful in Section 4.3
to generate various and interesting expressions in E∫ involving fractions, exponentials and
logarithms, which could not have been easily produced otherwise. This section details how to
train the model [i2db].

Dataset Generation First, we need pairs (f, F ) in E∂ × E∫ where F involves exponentials,
logarithms, and fractions. To generate a pair, we pick a random integral expression F of E∫ (by
generating trees as explained later in Section 4.1), and compute f = i2d(F ). If the algorithm
i2d succeeds within 10 seconds and if f contains at least a derivative of y(t), the pair (f, F ) is
encoded into a pair of lists of tokens (see details in Section 4.1). The pair is kept if the number
of tokens of f (resp. F ) is smaller than 500 (resp. 200).

Finally, we generate a training (resp. test) dataset containing 1400000 (resp. 20000) unique
pairs. Note that the limit of 500 tokens is a compromise between training time and the ca-
pacity of the GPUs we use. Moreover, expressions F with around 200 tokens tend to produce
expressions f = i2d(F ) with around 500 tokens.

In fact, expressions are obtained by generating two different types of expressions in equal
numbers to balance the dataset between expressions with and without exponentials/logarithms.
The first type of expressions involves exp and ln and are generated with a number of nodes
randomly chosen between 2 and 15. The internal nodes I, the leaves L, and their associ-
ated probabilities are defined as follows: I = [(+, 15/72), (−, 15/72), (×, 10/72), (÷, 10/72),
(
∫
, 12/72), (exp, 5/72), (ln, 5/72)], and L = [(y, 1)]. The second type of expressions does not

involve exp and ln and are generated with a number of nodes randomly chosen between 2 and
15. The internal nodes I, the leaves L, and their associated probabilities are defined as follows:
I = [(+, 15/90), (−, 15/90), (×, 10/90), (÷, 30/90), (

∫
20/90)], and L = [(y, 1)].

Note that we do not generate t in leaves, but it can be produced when generated expressions
are simplified using SymPy (e.g.

∫
x/x is simplified into 1 and then

∫
1 is simplified into t).

Training The training process is the same as in Section 5.2 below.

Evaluation To check if a prediction F̂ of an input f is correct, we check that expanding the
expression f − i2d(F̂ ) yields zero. If i2d returns FAIL or does not terminate within 10 seconds,
the prediction is considered wrong.

Results Using the test dataset of 20000 pairs, we obtain a success rate of 53,24% (resp.
79,92%) with a beam search of size 1 (resp. size 10) and with the evaluation method from the
previous paragraph.

4 Data Encoding and Generation

This section presents how to generate and encode expressions (Section 4.1) and produce a pair
(S, F ) (Sections 4.2 and 4.3) where S ∈ Σ and F ∈ E∫ . Those pairs will be used to train deep
learning models that go from Σ to E∫ .

7
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4.1 Generate and Encode an Expression

Following [19], we manipulate our expressions as trees where the nodes are operators and the
leaves are time-dependent functions (x(t) and y(t)), the time t, and rational numbers. To
generate an expression, we generate a random tree by picking random nodes (e.g. +, −, ×,∫
, d/dt, . . . ) and leaves (x(t), y(t), a0, t, . . . ) according to a fixed probability of appearance.

Note that we do not generate rationals in leaves, but (small) rationals will be produced during
the simplications using SymPy (e.g. x+x is simplified into 2×x, x/x is simplified into 1, . . . ).

Those trees are then translated to lists of tokens using the prefix notation. We denote by Add,
Mul, Integral, Derivative, exp, log, pow the tokens representing the operators +, ×,

∫
, d/dt,

exp, ln and powers. Moreover, integers are encoded using signed positional notation (e.g. 13 is
encoded as [INT+ 1 3], −15 as [INT- 1 5]). For instance, encoding y(t) −

∫
y(t)2 +

∫
(ey(t))

yields [Add Add Mul INT- 1 Integral pow y INT+ 2 Integral exp y y].

4.2 Generate a Dynamical System

To generate a system in Σ, we simply generate and encode (see Section 4.1) two polynomials
expressions p(x(t), y(t)) and q(x(t), y(t)) with a number of nodes randomly chosen between 1
and 15. The internal nodes I, the leaves L, and their associated probabilities are defined as
follows: I = [(+, 8/26), (−, 8/26), (×, 10/26)] and L = [(x, 1/2), (y, 1/2)].

The expression ẋ(t) = p is then encoded by the list starting with Eq Derivative x followed
by the encoding of p. The expression ẏ(t) = q is encoded in the same way. Finally, the system
is encoded by concatenating the two equations separated by the token ”,”. As an example, the
system {ẋ(t) = x(t) + y(t), ẏ(t) = x(t)y(t)} is encoded by [Eq Derivative x Add x y , Eq

Derivative y Mul x y].

4.3 Generate a Pair in Σ× E∫
Figure 2 illustrates three different approaches to compute an integral I/O equation F ∈ E∫
from a dynamical system S ∈ Σ. This section details how to generate a pair (S, F ) using each
approach. All pairs are then encoded with the process described above in Section 4.1.

Using ie Generate a dynamical system S ∈ Σ (Section 4.2). Transform S into integral form
T = {x(t) = x(0) +

∫
(p(x(t), y(t)), y(t) = y(0) +

∫
(q(x(t), y(t)))}. We choose a specific initial

condition by replacing x(0) and y(0) by 1 in T . Then compute ie(T ) and pick an integral I/O
equation F ∈ ie(T ) ∩ E∫ if such an F exists. Repeat this process until a pair is found.

Using de+int Generate a dynamical system S ∈ Σ (Section 4.2) and compute the differential
I/O equation f ∈ E∂ with de. Using the int algorithm on f returns an integral I/O equation
F ∈ E∫ if it succeeds. Replace y(0) by 1 in F . Repeat this process until a pair is found.

Using de+[i2db] Follow the same method as in the previous paragraph de+int, by replacing
int with the model [i2db]. The output F of [i2db] is verified with Algorithm CheckIOint
(Section 3.3) with a timeout value of 10 seconds. Repeat this process until a pair is found.

8
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5 Experiment

Our main experiment aims at comparing the success rate of ie and de+int with deep learning
models trained to perform the integral elimination. Sections 5.1 and 5.2 present the datasets
and the models. Finally, Section 5.3 gives details on the evaluation of our different models and
approaches.

5.1 Datasets

This section details the five datasets used for the experiment. Using the three generation
processes described in Section 4.3, we can easily build the first three datasets. The fourth one
simply is the aggregation (duplicates are filtered) of the three previous datasets. The last one
(TestUnlabeled) is an unlabelled dataset which only contains systems (i.e. without the solution).
This dataset is used only to evaluate the models and algorithms on more general data.

Three Datasets Created using Section 4.3 For each generation process given in Sec-
tion 4.3, we generate 102 000 unique pairs in Σ × E∫ . When generating a pair, a timeout of
10 seconds is used since ie and int can take a lot of time. Moreover, we only keep the pairs
(Σ, F ) where the computed integral I/O equation F is less than 200 tokens to match the size
of the [i2db] outputs. We also ensure that F contains integrals.

For each of the three datasets, splitting the 102 000 unique pairs gives us the train (100 000
pairs), test (1000 pairs) and valid (1000 pairs) datasets. We denote by Trainie, Trainde+int and
Trainde+[i2db] (resp. Testie, Testde+int and Testde+[i2db]) the train (resp. test) datasets obtained
using ie, de+int and de+[i2db].

Aggregate the Three Datasets Using those datasets, we create a new dataset by aggregat-
ing (and filtering the duplicates) the 3 previous train, test and valid datasets. We thus obtain
the train (298 732 pairs), test (3 000 pairs) and valid (3 000 pairs) datasets. We denote by
Trainmix (resp. Testmix) the train (resp. test) dataset.

An Unlabelled Dataset Finally, we create an unlabelled test dataset that contains 10 000
systems in Σ obtained by only generating random systems S ∈ Σ (i.e. without the corresponding
integral equations). This dataset (denoted TestUnlabeled) will only be used to evaluate our
different models/algorithms.

5.2 Training

We use a classical Transformer architecture [26] with 8 attention heads, 6 layers and a dimension
of 512. The training is done on a A-100 GPU using the Adam optimiser, a learning rate of 10−4

and a batch size of 32 pairs. We picked the best models (i.e. with the minimal loss) on the
validation datasets over 100 epochs. This typically requires between 10 and 20 hours in total.

Using the 4 training datasets from Section 5.1, we obtained the following models that
perform the integral elimination: a) [ie] trained using Trainie, b) [de+int] trained using
Trainde+int, c) [de+[i2db]] trained using Trainde+[i2db], d) [Mix] trained using Trainmix.

5.3 Evaluation

This section presents how we evaluate each model/algorithm. All pairs are checked with a
timeout of 10 seconds. A pair is considered incorrect if the timeout is reached.

9
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Figure 3: Venn diagram of the treated examples by de+[i2db] (pointing west), ie (pointing
north), de+int (pointing east), [de+[i2db]] (pointing south-east) and [Mix] (pointing south-
west) on the TestUnlabeled dataset.

Evaluation of the Deep Learning Models [ie], [de+int], [de+[i2db]] and [Mix] A
straightforward evaluation (denoted Syntax) consists in comparing syntactically the predicted
list of tokens to the expected list of tokens. Obviously, this evaluation cannot be applied to
the unlabelled dataset (TestUnlabeled). The Syntax evaluation is very strict and will likely
reject mathematically correct answers. To overcome this problem, we use the CheckIOint
verification described in Section 3.3. This verification is used to evaluate the outputs of a beam
search of size 1 and 10 (Beam1 and Beam10).

Evaluation of the Hybrid Method de+[i2db] We use the CheckIOint verification on
the output given by the method de+[i2db]. Because this method is hybrid, we only used a
beam search of size 1 for [i2db] for simplicity reasons.

Evaluation of ie and de+int To evaluate ie and de+int on a dataset, we simply compute
the percentage of systems successfully treated. Indeed, those algorithms always return valid
outputs.

6 Results

From a system S ∈ Σ, we have 7 methods to compute an integral I/O equation F ∈ E∫ . This
section presents a comparison of those 7 methods using the 5 datasets described in Section 5.1.
The models are [de+int], [de+[i2db]], [ie] and [Mix] (see Section 5.2). The three others
methods are ie, de+int and de+[i2db] (see Figure 2). Results are discussed in Section 7.

Summary of the Success Rates Table 1 presents the success rate obtained by the 7 con-
sidered models/algorithms on the 5 datasets. In this experiment, timeouts account for 16.29%
of the errors of the deep learning based approaches.
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[de+int] [de+[i2db]] [ie] [Mix]
de+int de+[i2db] ie

Syntax Beam1 Beam10 Syntax Beam1 Beam10 Syntax Beam1 Beam10 Syntax Beam1 Beam10

Testde+int 89,60 90,30 90,30 2,40 30,7 37,20 0,00 61,00 54,60 73,30 88,00 91,40 100,00 23,90 76,40
Testde+[i2db] 1,80 43,10 42,20 83,40 88,20 87,40 0,00 41,40 43,10 66,00 88,00 95,7 46,60 100,00 83,10
Testie 0,00 17,20 17,40 0,00 13,20 19,30 73,70 76,70 53,00 49,10 70,90 76,10 17,80 8,70 100,00
Testmix 30,46 50,33 50,90 28,60 43,80 48,00 24,56 60,30 50,93 62,79 82,50 87,70 54,80 44,20 86,50
TestUnlabeled N/A 2,32 2,34 N/A 2,07 2,55 N/A 6,27 5,50 N/A 6,77 8,04 2,43 1,49 41,09

Table 1: Comparison of the success rate of the 7 approaches to compute an integral I/O equation
from a dynamical system on 5 different datasets. The Syntax evaluation cannot be computed
for the TestUnlabeled dataset since outputs are unknown (those cases are marked with N/A).

Venn Diagram of TestUnlabeled Dataset Figure 3 presents a Venn diagram obtained on
the TestUnlabeled dataset in the following manner. For each of the five models/algorithms from
the Figure 3 legend, we build the set of elements of TestUnlabeled which are successfully treated.
This produces five sets with many overlaps. As usual, the numbers indicate the cardinality of all
possible intersections of the five sets. Note that we limited ourselves to five methods/algorithms
to obtain a readable diagram.

7 Discussion

7.1 Comparison of the Success Rates

We discuss some results given by Table 1 that we found the most interesting and meaningful.

Performance using Beam1 and Beam10 Evaluations The Beam10 evaluation we imple-
mented does not necessarily contain the Beam1 solution (which is greedy). This explains why
some Beam10 success rates are sometimes lower than the Beam1 ones.

Performance of ie Compared to de+int Algorithm ie is always better than de+int
except on Testde+int where ie has a success rate of 76,4% versus 100%. This was unexpected
since ie involves more complicated machinery and produces more general expressions than int.

Example 2 shows an example handled by de+int but not by ie. This example might be
useful for improving ie.

Example 2. The expression f is the differential I/O equation in E∂ computed by de, and F
is the integral I/O equation in E∫ .

S :

{
ẋ = x3 − xy

ẏ = −x2y

f = 2y2ẏ + yÿ + ẏ2

F = 6y20x
2
0t+ 3(y2 − y20) + 4

∫
(y3 − y30)

Performance of [de+[i2db]], de+[i2db], [de+int] and de+int Those are the four ap-
proaches based on de. The model [de+int] performs almost as well as de+int. Algorithm
de+int performs better than de+[i2db] and [de+[i2db]] except on Testde+[i2db] which is ex-
pected since Testde+[i2db] contains fractions, exponential and logarithms (see Section 3.4).

Finally, [de+[i2db]] tends to be slightly better than de+[i2db]. A possible interpretation
is that [i2db] has not been specifically trained on equations produced by ie, unlike the model
[de+[i2db]].

11
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[de+int] [de+[i2db]] [ie] [Mix]
de+int de+[i2db] ie

Syntax Beam1 Beam10 Syntax Beam1 Beam10 Syntax Beam1 Beam10 Syntax Beam1 Beam10

TestUnlabeledFiltered N/A 3,20 3,22 N/A 2,63 3,24 N/A 8,13 7,12 N/A 8,73 10,12 3,35 1,92 18,12

Table 2: Comparison of the success rate of the 7 approaches to compute an integral I/O
equation from a dynamical system on the TestUnlabeledFiltered obtained after removing from
TestUnlabeled all the pairs (S, F ) in Σ × E∫ where F contains more than 200 tokens. The
Syntax evaluation cannot be computed for the TestUnlabeled dataset since outputs are unknown
(those cases are marked with N/A).

Performance of ie Compared to Deep Learning Approaches On the Testde+int,
Testde+[i2db] and Testie datasets in Table 1, [Mix] is the best model, and thus seems to be
a good synthesis of [de+int], [de+[i2db]] and [ie]. It even outperforms our Algorithm ie on
the Testde+int and Testde+[i2db] datasets.

Nevertheless, on the TestUnlabeled dataset, [Mix] has a success rate of only 8,04% while ie
has 41,09% which means that ie is better on random systems. This result is in fact biased since
all the deep learning models are trained to output an equation of size less than 200 tokens but
ie does not have such limitations. When evaluating ie on TestUnlabeled, we did not restrict the
length of ie outputs. Among the 41,09% of systems treated by ie, the mean size of the output
was 3063 tokens. To make a fair comparison, we have filtered TestUnlabeled by excluding the
2805 pairs out of 10000 for which ie computes an output with size more than 200 tokens. This
filtered set is denoted TestUnlabeledFiltered. Table 2 presents the success rate of each approach
for this filtered set. Table 2 shows that the lead of ie is clearly reduced.

7.2 Examples Treated by Deep Learning Models Only

This section presents some examples (from Figure 3) verified by hand where deep learning
models succeed whereas both de+int and ie failed. Those examples are by themselves contri-
butions. Indeed, they are very difficult to obtain by hand, and are a source of inspiration for
enhancing our algorithm ie. Moreover, it is quite surprising that those examples were found by
models trained on data produced a partial algorithm (i2d). Those examples clearly show the
interest of deep learning models. We present a selection of examples of various styles treated
by the model [de+[i2db]].

In all examples, f is the differential I/O equation in E∂ computed by de, and F is the integral
I/O equation in E∫ obtained by [de+[i2db]]. Note that the equations F do not contain the
initial conditions. Additional (hand) computations are needed to retrieve the general integral
I/O equations Fics. Automating this process will be addressed in future work.

Example 3 (A polynomial example).

S :

{
ẋ = x2 − y2 − x+ 2y

ẏ = xy

f = y4 − 2y3 + yẏ + yÿ − 2ẏ2

F = −y + 2
∫
ty2 −

∫
(y2

∫
y) +

∫
y

Fics = −yy20 + y30 + 2y20
∫
ty2 + y20

∫
(y − y2

∫
y) + (x0y0 − y0)

∫
y2

Example 4 (Example involving a fraction).

S :

{
ẋ = x3

ẏ = 2x− y

f = 4ÿ − ẏ3 − 3yẏ2 − 3ẏy2 + 4ẏ − y3

F = y +
∫
y + 4

∫
1

y+
∫
y

Fics = y − y0 +
∫
y + 4x0

∫
1

x0

∫
y+x0y−x0y0−2
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Example 5 (Example involving logarithms).

S :

{
ẋ = y2 − x2 − x− xy

ẏ = −xy

f = y4 + y2ẏ + yẏ + yÿ − 2ẏ2

F = y +
∫
y2 ln(y) +

∫
y2
∫
y −

∫
y

Fics = y − y0 + (x0

y0
+ 1

y0
)
∫
y2 +

∫
y2 ln( y

y0
) +

∫
y2
∫
y −

∫
y

Example 6 (Example involving both logarithms and fractions). This example seems very
difficult since it involves a logarithm stuck inside a fraction.

S :

{
ẋ = 4x2y − 2x3

ẏ = y2 − xy

f = 2y6 − 2y4ẏ − y3ẏ − 2y2ẏ2 + y2ÿ − yẏ2 + 2ẏ3

F = −2y +
∫

y
ln(y)+

∫
y
+ 2

∫
y2

Fics = 2y0 − 2y − 2x0y0
∫

y
y0−2x0y0(ln(

y
y0

)+
∫
y)

+ 2
∫
y2

7.3 Limitations

The models considered in this experiment only involve two variables x and y. They do not
include any parameters, nor generic initial conditions for x and y. Moreover, the outputs of the
models are limited to 200 tokens, which is rather small for representing equations. In practice,
interesting models involve at least 3 or 4 variables and at least 3 or 4 parameters. We do not
know yet how many resources should be necessary to handle such models.

The TestUnlabeled (see Table 1) shows that our models struggle with random inputs. This
means that our models do not generalise well. It might be due to the limit of 200 tokens for
outputs, too few data and insufficiently varied data.

Algorithm i2d performs well during the validation (which is not too surprising) but fails
quite a lot during the generation of the data. Most of the time for generating all the data was
spent in generating data using Algorithm i2d. It took around 50 modern computers (with a
Intel Xeon Gold 5220 / 18 cores) 5 days each to generate all our datasets.

8 Conclusion

We have discussed the interest of deep learning techniques to perform integral elimination. The
outcome is very promising, especially by exhibiting new interesting examples unhandled by
our first version [20] of the integral elimination algorithm. Those examples have already
been used to improve integral elimination by introducing logarithms (see [22]). In Table 1,
we obtained (using ie [20]) an integral I/O equation for 41,09% systems of the TestUnlabeled

dataset. Using our new version [22] (with logarithms), we are now able to treat 45,06% of those
systems (including Example 5). Examples involving fractions still need to be investigated.
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